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LETTER F R O M T H E EDITORS: 
W e a r e p r o u d to p r e s e n t t h e f o u r t h i s sue of t h e I M S A M a t h Jou rna l . In th i s 
e d i t i o n w e h a v e i n c l u d e d w o r k b y I M S A faculty, s u p p o r t staff, s t u d e n t s , a n d a l u m n i as 
w e l l as a r t ic les b y a facul ty m e m b e r of a s is ter school , T h e N o r t h C a r o l i n a School of 
Science a n d M a t h e m a t i c s a n d a co l l e ague a t E a s t e r n I l l inois U n i v e r s i t y . 
T h e p u r p o s e of t h e I M S A M J is to c o m m u n i c a t e t h r o u g h m a t h e m a t i c s w i t h b o t h 
s t u d e n t s a n d t eacher s . S o m e of o u r goa ls i nc lude : 
• Presenting teaching insights, lessons, problems. 
• Sharing mathematical ideas, mathematical teaching 
ideas, observations, approaches, connections, extensions, 
generalizations of interest to students and teachers of 
mathematics. 
• Featuring mathematics problems for use inside and outside 
of the classroom, i.e. math contests, math competitions, etc. 
• Discussing and sharing the role of technology including 
calculators and computers in the instruction and learning of 
mathematics. 
• Sharing our experiences as educators as we strive to help 
students construct mathematical meaning through an 
integrative inter- and intra-disciplinary set of learning 
experiences. 
W e a r e a l so h a p p y to a n n o u n c e t h e c r e a t i o n of a n I M S A h o m e p a g e o n t h e 
w o r l d w i d e w e b f rom w h i c h i n f o r m a t i o n a b o u t IMSA, its staff a n d its p r o g r a m s m a y 
b e o b t a i n e d . W e a r e w o r k i n g t o w a r d p r o v i d i n g the M a t h J o u r n a l on line a n d la te r 
p l a n to a d d still m o r e ac t iv i t ies a n d m a t e r i a l s for m a t h t eachers , s t u d e n t s a n d p a r e n t s . 
In t h e f u t u r e m a t h t e a m coaches a n d m e m b e r s s h o u l d b e ab le to f ind i n f o r m a t i o n 
a b o u t c o m p e t i t i o n s a n d m a t e r i a l s su i t ab l e for u s e in p r e p a r i n g for t h e m . W e a re v e r y 
exc i ted a b o u t t h e p o t e n t i a l for th is n e w re source . You can find u s o n the w e b at: 
h t t p : / / w w w . i m s a . e d u / . W e s incere ly a p p r e c i a t e the s u p p o r t p r o v i d e d to u s b y A T & T 
in f u n d i n g th is i n t e r n e t in i t i a t ive as w e l l as t he p u b l i c a t i o n of t he Jou rna l . 
W e h a v e b e e n e n c o u r a g e d b y the s u p p o r t , k i n d w o r d s , a n d c o n s t r u c t i v e 
s u g g e s t i o n s w e h a v e r ece ived f rom r e a d e r s of o u r p r e v i o u s i s sues of t he I M S A M J a n d 
look f o r w a r d to h e a r i n g y o u r v i e w s o n th is i ssue . P lease t ake t i m e to c o m p l e t e a n d 
r e t u r n t h e F e e d b a c k form. 
Susan 'Eddins, Charles Hamberg 
Christina Loos, Qeorge Milauslqis 
Illinois Mathematics and Science TAcademy 
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PROBLEM SETS a la I M S A 
by : t h e M a t h e m a t i c s F a c u l t y 
Illinois Mathematics and Science Academy 
T h e m a t h e m a t i c s facul ty of t h e I l l inois M a t h e m a t i c s a n d Sc ience A c a d e m y h a s 
d e v e l o p e d a t h r e e s e m e s t e r s e q u e n c e of cou r se s , M a t h e m a t i c a l I n v e s t i g a t i o n s I, II, 
a n d III, w h o s e i n t e n t is to t ake s t u d e n t s w i t h a b a c k g r o u n d in e l e m e n t a r y a l g e b r a a n d 
g e o m e t r y a n d h e l p t h e m p r e p a r e for t he s t u d y of ca lcu lus . A n i n t e g r a l p a r t of t h e s e 
c o u r s e s a r e se ts of 30 - 40 p r o b l e m s g i v e n to s t u d e n t s a p p r o x i m a t e l y o n c e e v e r y six to 
s e v e n schoo l d a y s . 
E a c h Problem Set a t t e m p t s to s e r v e s eve ra l p u r p o s e s . It p r o v i d e s a r e v i e w of 
m a t e r i a l w e expect t h a t s t u d e n t s h a v e s e e n be fo re b u t m i g h t n e e d to b r i n g to present 
memory, it c o n t a i n s p r o b l e m s w h i c h re in fo rce s o m e of t h e c u r r e n t m a t e r i a l , it 
p r e v i e w s c o n s t r u c t s w h i c h wi l l b e usefu l in fu tu re w o r k in m a t h e m a t i c s , a n d it 
s t r ives to p r e s e n t p r o b l e m s in a v a r i e t y of con t ex t s m a n y of w h i c h l ink s e v e r a l i d e a s 
t o g e t h e r in p e r h a p s i n n o v a t i v e w a y s - t h o u g h th i s m a y b e a sub jec t ive j u d g m e n t . 
M a n y of t h e ar t ic les w h i c h a p p e a r in t h e I M S A M a t h J o u r n a l h a v e b e e n t a k e n 
f rom i d e a s d e v e l o p e d for t h e P r o b l e m Sets. In th i s i s sue w e h a v e d e c i d e d to i n c l u d e 
o n e P r o b l e m Set t a k e n f rom t h e fall, 1995, M a t h e m a t i c a l I n v e s t i g a t i o n s I c o u r s e in i ts 
en t i re ty . W e h o p e y o u f ind it i n t e r e s t i ng . W e w o u l d a p p r e c i a t e y o u r f eedback . 
" M A T H E M A T I C A L I N V E S T I G A T I O N S " - ! 
P r o b l e m S e t - 4 
1. T h e J a n u a r y p r i ce of a c o m p l e t e set of B u b s Basebal l C a r d s w e n t u p b y 20% in F e b r u a r y . 
In M a r c h , t h e se t w e n t o n sa le a t 20% off. By w h a t p e r c e n t d i d t he p r i ce of a set of c a r d s 
c h a n g e f rom t h e J a n u a r y p r i ce ? (Specify i n c r e a s e / d e c r e a s e ) 
( a V ) 2 „ 
2. So lve for n : ~ = a 
( a 6 ) 3 
3. F i n d t h e c o o r d i n a t e of t he ^ 3 x — 5 
p o i n t P, to t h e r i g h t of 3, o n 
t h e n u m b e r l ine s h o w n . - 8 3 ( ) 
3 ? 
4. So lve o v e r t h e c o m p l e x n u m b e r s : 2x + - = x . 
5. F i n d all i n t ege r v a l u e s of x for w h i c h —-pz is a n in t ege r . 
6. F ind all v a l u e s of x for 
w h i c h t h e a r e a of t h e 
r e c t a n g l e is less t h a n 64. ( X - 6; 
W r i t e y o u r a n s w e r in t he 
form: a < x < b 
(x + 6 ) 
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7. G r a p h the set of o r d e r e d pa i r s , (x,y), for w h i c h x = 6 + t a n d y = 8 - 2t for 
- 4 < t < 4 [Label t he e n d p o i n t s . ] 
8. So lve t h e s y s t e m : 
' 1 8 0 x - 120y = 420 
x y 1 
7 + 14 = 2 
for (x,y) 
9. Reca l l : n! = n ( n - l ) ( n - 2) • . . . » 3 • 2 • 1 
122! 
F i n d k : a ) JTQT = k 
b) 93! + 92! + 91! = k 2 • 91! 
2 
10. So lve for x: x 3 - 5 = 59 
11. D e t e r m i n e x, if t h e s h a d e d a r ea 
b e t w e e n t h e t w o r e c t a n g l e s is 875 
s q u a r e u n i t s . 
X + 15' 
x + 5 
- ^ X + 20-1-LL1J-: 
X + 10 
12. Let a * b = ax + b y for all rea l n u m b e r s a a n d b . 
F i n d (x,y), if 2 * 7 = 36 a n d (-2) * 4 = 41. 
13. P v a r i e s d i r ec t ly a s t he s q u a r e of Q a n d Q = 10 w h e n P = 6. 
F i n d t h e v a l u e of P w h e n Q = 8. 
14. So lve t h e s y s t e m : 
x
2
 - y 2 = 63 
x - y = 7 
15. ~] Q U I K is t r a n s f o r m e d to [ ] Q ' U ' I ' K ' b y 3 t r a n s f o r m a t i o n s . 
• Q U I K h a s ve r t i ce s Q ( 8 2 ) Q Q ' U ' I ' K ' h a s v e r t i c e s Q ' ( l l , - 4 ) 
U(5,4) U ' ( 8 , - 6 ) 
I (0,0) I ' (3,-2) 
K ( 6 , - l ) K / (9,-1) 
a) D e s c r i b e g e o m e t r i c a l l y t h e t r a n s f o r m a t i o n s w h i c h h a v e t a k e n p lace . 
b) W r i t e t h e m a t r i x e q u a t i o n ( s ) to d e s c r i b e t h e t r a n s f o r m a t i o n ac t ion . 
1 6
- C(n , r ) =
 r , ( n _ r ) , F i n d C ( 9 2 , 8 8 ) 
r ^ l M S A 
17. x is s t r ic t ly w i t h i n 5 u n i t s of -3 . 
a) G r a p h th is set of v a l u e s o n a n u m b e r l ine. 
b) W r i t e th i s set in set b u i l d e r n o t a t i o n : U s e t h e fo rm: | x h I < r } 
18. 
i jPj ! 
i m ••• 
i > v 
i f > H X " i i 
. . . r f e ^ i 
:-*+•—. 
F i n d the s l o p e of P Q . 
[Careful! Scale is n o t g i v e n f r o m 
or ig in . ] 
19. For d e m o g r a p h i c p u r p o s e s , t h e U.S. C e n s u s B u r e a u classif ies all a r e a s of t h e 
c o u n t r y as b e i n g e i the r r u r a l , u r b a n , or s u b u r b a n . In a r e cen t c e n s u s , it w a s 
f o u n d t h a t 27% of all a d u l t U.S. c i t i zens h a d , a t s o m e t i m e in the i r l ives , l i v e d in 
a r u r a l a rea ; 74% h a d l ived in a n u r b a n a rea ; a n d 47% h a d l i ved in a 
s u b u r b a n a rea . 7% of t h e a d u l t s h a d , a t s o m e t i m e in t he i r l ives , l i v e d in b o t h 
r u r a l a n d s u b u r b a n a reas ; 27% h a d l ived in b o t h u r b a n a n d s u b u r b a n a reas ; a n d 
16% h a d l i ved in b o t h r u r a l a n d u r b a n a reas . 
a) W h a t p e r c e n t a g e of a d u l t A m e r i c a n s h a v e s p e n t the i r e n t i r e l ives in o n e 
s ing le t y p e of a r ea ( ru ra l , u r b a n or s u b u r b a n ) ? 
b) W h a t p e r c e n t a g e of a d u l t A m e r i c a n s h a v e l ived in all t h r e e t y p e s of a r ea s? 
20. F i n d a c u b i c e q u a t i o n w h o s e s o l u t i o n s are: x = 0, x = - 4 a n d x = 6 
21. 
22. 
F i n d the e q u a t i o n of: 
A B 
BC 
c) A C 
F i n d the p e r i m e t e r of ADEF. 
^ I M S A 
23. P (3,1 i ) 
Q(27,4) 
a) F i n d t h e s l o p e of P Q 
b) F i n d t h e s h a d o w of P Q o n the x 
axis. W r i t e a s a set , 
{x I ? < x < ?} 
c) F i n d the s h a d o w of P Q o n the y 
axis. W r i t e a s a set , 
{y I ? < y < ?} 
24. D e f i n e : a ® b = a r i t h m e t i c m e a n b e t w e e n a a n d b . 
a ¥ b = g e o m e t r i c m e a n b e t w e e n a a n d b . 
a) F i n d 13 ® (9 ¥ 4) b) F i n d (19 ® 13) ¥ 4 
c) If a 2 + b 2 = 146 a n d a ® b = 7, f ind a ¥ b . 
25. T h e d i s t a n c e b e t w e e n t w o p o i n t s P 1 (x 1 , y 1 ) a n d P 2 (x 2 , y ) is g i v e n b y t h e f o r m u l a : 
F i n d t h e p e r i m e t e r of A F G H to t he Fj(*.i,yi) , 
n e a r e s t h u n d r e d t h if + -
F = ( -12 , -3 ) G = (4,7) H = (9,17) 
y a - y i 
X5. — x< 
26. T h e v e r t e x m a t r i x of AABC is 
is 100. 
4 a 10 
- 3 a + 5 2 . D e t e r m i n e a if t h e a r ea of AABC 
8 
27. Simpl i fy: -7= - 3 ^ 8 + ^V288~ 
A/2 6 
28. A n ex te r io r a n g l e of a t r i ang l e is e q u a l to t he s u m of t h e r e m o t e in te r io r ang les . 
A 
exterior 
^ / a n g l e 
x° 
c 
x = a + b 
a) Solve for x. 
b) T h e a n g l e s of a t r i ang le a re in t he ra t io of 
2:3:5. F i n d the m e a s u r e of t he l a rges t 
ex t e r io r ang le . 
H ^ I M S A 
29. 
" 6 2' 
A 1. 
• 
" w x 
- y z -
" 0 1 " 
_ i o _ F ind 
" w x " 
- y z -
30. 
a) F i n d y, if x = 4 
b) F i n d p a n d q 
31. S imp l i fy ing Rad ica l s . 
a) M u l t i p l y a n d s impl i fy ( \ / 5 - 2 ) ( \ / 5 + 2 ) 
b) M u l t i p l y a n d s impl i fy 
6 ( A / 5 + 2 ) 
( V 5 - 2 ) * ( V 5 + 2 ) 
c) R a t i o n a l i z e d e n o m i n a t o r : 
18 
7 - 4 
32. A = 
5 - 3 
0 - 1 
6 2 
B = 
- 1 4 - 3 
2 0 1 F ind A • B a n d B • A 
33. If x + - = 5, f ind xl + - * 
x ' x
2 
34. T h e e d g e s of a r e c t a n g u l a r b o x a r e in a ra t io: l e n g t h : w i d t h : h e i g h t = 4 : 3 : 2 
T h e p e r i m e t e r of t he s m a l l e s t face 
is 50. F i n d t h e p e r i m e t e r of t he 
l a rges t face. 
/ / 
/ 3 x 
2X 
4x 
^ I M S A 
35. G i v e n 4 r a y s (no t w o o p p o s i t e ) w i t h a c o m m o n e n d p o i n t , 6 a n g l e s a r e 
d e t e r m i n e d . 
H o w m a n y a n g l e s a re f o r m e d by : 
a) 3 r a y s w i t h a c o m m o n e n d p o i n t . 
b) 5 r a y s w i t h a c o m m o n e n d p o i n t 
c) 6 r a y s w i t h a c o m m o n e n d p o i n t 
d) n r a y s w i t h a c o m m o n e n d p o i n t 
36. So lve for x: 
x
z
- 6 
- 4 3 = 4 - 5 x 
37. F i n d t h e e q u a t i o n of t h e l ine t h a t is 
t h e p e r p e n d i c u l a r b i sec to r of A B . A H 2,7) 
6(1,3) 
38. a) G r a p h t h e l ine: x - 3y = 7 
b) F i n d 2 o r d e r e d p a i r s t h a t a r e i n t eg ra l s o l u t i o n s to t h e e q u a t i o n . 
c) S h a d e t h e r e g i o n w h e r e x - 3y < 7. 
39. If V e n u s h a s a d i a m e t e r of 12,100 k m . w h i l e M a r s h a s a c i r c u m f e r e n c e of 
21,330 k m . , w h i c h is t he L A R G E R p l a n e t ? Justify. 
40. S i m p l i f y : 
4 ! - 3 ! 
a) 3! b) 
1 0 ! - 9 ! 
9! c) 
n ! - ( n - l ) ! 
( n - 1 ) ! 
A c o m m e n t a r y o n s e l ec t ed p r o b l e m s : 
• P r o b l e m #5 h a s v a r i a t i o n s w h i c h a p p e a r in o t h e r p r o b l e m sets . S t u d e n t s a r e 
a s k e d to f ind , for e x a m p l e , all natural numbers x for w h i c h t h e q u o t i e n t is a n 
i n t e g e r or f ind all i n t e g e r v a l u e s of x for w h i c h t h e q u o t i e n t is a positive integer. 
r ^ l M S A 
In p r o b l e m #6 a n d a g a i n in #11 re s t r i c t ions o n t h e d o m a i n c o m e f r o m t h e fact 
t ha t e a c h s ide m e a s u r e m e n t as w e l l a s t he a r ea m u s t b e p o s i t i v e w h i l e t h e a r e a is 
a l so less t h a n 64. S t u d e n t s ge t p r e t t y g o o d after a w h i l e in l o o k i n g for natural 
d o m a i n r e s t r i c t ions in a v a r i e t y of se t t ings . V i s u a l i z a t i o n e n h a n c e s t h i s p r o c e s s . 
P r o b l e m #9 g ives s t u d e n t s a n " o p e r a t i o n a l de f in i t ion" for factorial. T h e g o a l is 
to i nc rease s t u d e n t s ' r e a d i n g abi l i ty in m a t h . A s a b y - p r o d u c t , s o m e top i c s a r e n o t 
fo rma l ly " t augh t " in t he c l a s s r o o m . T h e y a r e i n t r o d u c e d , d e f i n e d , a n d p r a c t i c e d 
so le ly in p r o b l e m sets. In a d d i t i o n , #9b l e a d s to a n i n t e r e s t i n g con jec ture . 
W e h a v e s o m e "favor i te p r o b l e m " t y p e s w h i c h a r e of ten i n c l u d e d in p r o b l e m 
sets . P r o b l e m #24c is a " s u m - a n d - p r o d u c t " p r o b l e m . S u c h p r o b l e m s g i v e t h e 
s t u d e n t i n f o r m a t i o n o n t w o o u t of t h r e e p i eces of i n f o r m a t i o n ( the s u m of t w o 
n u m b e r s , the i r p r o d u c t , a n d the s u m of the i r s q u a r e s ) a n d t h e y a r e a s k e d to f ind 
t he m i s s i n g i n f o r m a t i o n . A n "e legan t" or "clever" w a y to a p p r o a c h t h e p r o b l e m 
b e g i n s b y n o t i c i n g t ha t s q u a r i n g t h e b i n o m i a l r e l a t e s t h e s e t h r e e e x p r e s s i o n s . 
(a ± b) 2 = a 2 ± 2ab + b 2 
In #24: f~^2~~ 1 = 7 so (a + b) = 14 a n d w e h a v e a 2 + b 2 = 146 
196 = 146 + 2ab 
ab = 25 
a¥b = ±5 
La te r in t he y e a r s t u d e n t s love to look for s u m - a n d - p r o d u c t p r o b l e m s a n d 
iden t i fy all t he w a y s w e h a v e "d i sgu i s ed" t h e m in a p r o b l e m set . P r o b l e m #14 
l o o k s l ike it m i g h t b e a s u m - a n d - p r o d u c t p r o b l e m , b u t it i sn ' t . P r o b l e m #33 is! 
P r o b l e m s #23 a n d #30 " p r e v i e w " v i s u a l c o n s t r u c t s f rom ca lcu lus . A p p r o a c h e d 
f rom t h e i dea of " s h a d o w s " or i n t e r v a l s o n t he axes g r o u n d w o r k for t h e i d e a of a 
n e i g h b o r h o o d c a n b e m a d e eas i ly accessible . P r o b l e m #23 a l so r e l a t e s w e l l to la ter 
w o r k i n m a t h o r p h y s i c s i n v o l v i n g h o r i z o n t a l a n d ve r t i ca l c o m p o n e n t s of 
v e c t o r s . 
W e b e g a n t h e y e a r w i t h w o r k o n g e o m e t r i c t r a n s f o r m a t i o n s d e s c r i b e d b y m a t r i x 
o p e r a t i o n s . To r e v i e w t h o s e o p e r a t i o n s a n d see m a t r i x o p e r a t i o n s in a n e w 
se t t ing , t h e y a r e u s e d to p r e s e n t a s y s t e m of e q u a t i o n s in P r o b l e m # 29. £n 
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GEOMETRIC T R A N S F O R M A T I O N S WITH MATRICES 
T R A N S L A T I O N S , R O T A T I O N S , REFLECTIONS, A N D S C A L I N G -- ALL A T O N C E 
by: Michae l S loan 
Illinois Mathematics and Science Academy 
If y o u ' v e b e e n u s i n g m a t r i c e s to desc r ibe g e o m e t r i c 
t r a n s f o r m a t i o n s , y o u ' v e p r o b a b l y u s e d m a t r i x a d d i t i o n for 
t r a n s l a t i o n (see IMSAMJ, Vol. Ill, #1, Spring 1995) a n d m a t r i x 
m u l t i p l i c a t i o n for r o t a t i ons , ref lec t ions , a n d sca l ing . 
S u p p o s e y o u h a v e a t r i ang l e w i t h ve r t i ces 
A (0, 0), B (2, 5), C (7, -1 ) as s h o w n in F i g u r e 1. 
You c o u l d r e p r e s e n t t he t r i ang le u s i n g a 2 x 3 ma t r i x , w i t h 
r ° 2 7 L 
e a c h c o l u m n r e p r e s e n t i n g a v e r t e x . S u p p o s e 
y o u w a n t e d to t r ans l a t e t he f igure 4 u n i t s to t he left a n d 3 
u n i t s u p . Y o u c o u l d a c c o m p l i s h th is b y adding t he 
to t h e o r ig ina l v e r t e x 
I II I II I III I U j j \ l Ml 
F i g u r e 1 
t r a n s l a t i o n m a t r i x 
m a t r i x 
"0 2 7 " 
0 5 -1_ 
" -4 
3 
" - 4 - 4 
3 3 
- 4 " 
3 
- 4 - 4 " 
3 3 
-4 
3 
I II I II I 111 
(Figure 2) 
All t he o t h e r t r a n s f o r m a t i o n s e m p l o y a 2 x 2 m a t r i x w h i c h 
is u s e d to multiply t he v e r t e x ma t r ix . For e x a m p l e , if y o u 
w a n t to reflect t he t r i ang le o v e r t he x-axis, y o u w o u l d 
m u l t i p l y t h e v e r t e x m a t r i x b y 
II II I I I I I I 
F i g u r e 2 
1 
"1 
_0 
0 
0 
0 ~ 
- 1 
2 7 " 
- 5 1 
(Figure 3). 111 111 1114' 
Simi la r ly , to ge t a 90° c o u n t e r c l o c k w i s e r o t a t i o n of t he 
o r ig ina l t r i a n g l e a b o u t t he or ig in , y o u w o u l d m u l t i p l y t he 
"0 - 1 " 
v e r t e x m a t r i x by 
H-H 
F i g u r e 3 
0 - 1 
1 0 
1 0 _ 
0 2 7 
0 5 - 1 
- 5 1 
2 7 
(Figure 4). 
O n e last e x a m p l e , s u p p o s e w e w a n t e d to c h a n g e the scale 
of o u r t r i ang le . Let ' s d o u b l e its size. 
2 0 
0 2 
2 7 
5 - 1 
0 4 14 
0 10 - 2 F i g u r e 4 
W h i l e th i s a p p r o a c h p r o v i d e s a g o o d i n t r o d u c t i o n l i n k i n g g e o m e t r i c t r a n s f o r m a t i o n s 
a n d ma t r i c e s , a m o r e " s t a n d a r d " a n d efficient a p p r o a c h is poss ib le . It 's n o t necessa ry , 
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to u s e t w o di f ferent m a t r i x o p e r a t i o n s ( a d d i t i o n a n d m u l t i p l i c a t i o n ) for 
t r a n s f o r m a t i o n s . O n e m a t r i x can d o it all! 
First , i n s t ead of r e p r e s e n t i n g the t r i ang le w i t h a 2 x 3 ma t r i x , we ' l l u s e a 3 x 3 m a t r i x 
a n d fill in t he t h i r d r o w w i t h ones , so t ha t o u r v e r t e x m a t r i x l ooks l ike: 
Nex t , we ' l l u s e t he 3 x 3 i d e n t i t y m a t r i x 
t r a n s f o r m a t i o n s . 
0 
0 
1 
2 
5 
1 
7 " 
- 1 
1 _ 
1 
0 
0 
0 
1 
0 
o" 
0 
1 
as t he "shell" for all of o u r 
N o w , s u p p o s e w e a g a i n w a n t to t r ans la t e t he t r i ang le 4 u n i t s left a n d 3 u n i t s u p . 
T r a n s l a t i o n s a r e h a n d l e d b y the t o p t w o p o s i t i o n s in t he last c o l u m n — the t o p p o s i t i o n 
c o n t r o l s t h e m o v e m e n t in t h e x - d i m e n s i o n w h i l e t he s e c o n d p o s i t i o n c o n t r o l s 
m o v e m e n t in t h e y - d i m e n s i o n . In o u r e x a m p l e , t he t r a n s f o r m a t i o n m a t r i x l o o k s l ike: 
1 0 - 4 " 
0 1 3 
0 0 1 
. To t r a n s f o r m t h e v e r t e x ma t r i x , w e m u l t i p l y it b y t h e t r a n s f o r m a t i o n 
m a t r i x . 
0 - 4 
1 3 
0 1 
2 
5 
1 
-4 
3 
1 
- 2 3 
8 2 
1 1 
A g a i n , t h e t o p r o w of t h e r e s u l t i n g m a t r i x g ives t h e x - c o o r d i n a t e s of t h e v e r t e x p o i n t s ; 
t he s e c o n d r o w g ives the i r y - coo rd ina t e s . 
All t he o t h e r t r a n s f o r m a t i o n s ( ro ta t ions , ref lect ions, etc.) u s e t h e u p p e r left 2 x 2 
p o r t i o n of t he t r a n s f o r m a t i o n m a t r i x . For e x a m p l e , to r o t a t e o u r t r i a n g l e 90° 
c o u n t e r c l o c k w i s e , o u r t r a n s f o r m a t i o n m a t r i x w o u l d look like: 
0 
1 
_o 
- 1 
0 
0 
o" 
0 
1 . 
. A n d 
1 
0 
1 
0 
0 
2 
5 
1 
7 " 
- 1 
1 
= 
5 
2 
1 
A n d yes , w e c a n c o m b i n e t r an s l a t i ons w i t h o t h e r t y p e s of t r a n s f o r m a t i o n s . See if y o u 
can f igure o u t w h a t th i s t r a n s f o r m a t i o n m a t r i x wi l l d o to o u r t r i ang le . 
- 1 
0 
0 
0 
1 
0 
4~ 
- 6 
1 
Wr i t e a m a t r i x w h i c h w o u l d t r ans l a t e t he t r i ang le 2 u n i t s u p , 7 u n i t s left, a n d reflect it 
over t he l ine y = x. £a 
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M A T H W O R D S 
by: Dr . M i c a h Foge l a n d C h r i s t i n a Loos 
Illinois Mathematics and Science Academy 
I n m a t h e m a t i c s , w e u s e a l a rge a n d v e r y spec ia l i zed v o c a b u l a r y . In co l lege 
m a t h e m a t i c s a n d b e y o n d , m o s t of t he w o r d s a r e u n i q u e to m a t h e m a t i c s , a n d th i s is 
t r u e of m a n y w o r d s in e l e m e n t a r y a n d h i g h schoo l m a t h e m a t i c s a s w e l l ( q u a d r a t i c , 
p e r p e n d i c u l a r , i n t ege r ) . O n the o t h e r h a n d , m o s t m a t h w o r d s h a v e a t l eas t o n e 
c o m m o n m e a n i n g as w e l l ( s lope , i n t e r sec t ion , va r i ab le ) . I n d e e d , t h e w o r d "set" is 
l i s ted b y t h e G u i n e s s Book of W o r l d R e c o r d s to h a v e m o r e de f in i t ions t h a n a n y o t h e r 
w o r d in t h e E n g l i s h l a n g u a g e . This is e spec ia l ly i n t e r e s t i n g in t h a t m a t h e m a t i c s 
c o n s i d e r s "set" to b e a n u n d e f i n e d t e r m . 
M a t h e m a t i c s is a sc ience. Science r e q u i r e s p rec i s ion . So w e m u s t b e v e r y careful 
a b o u t h o w w e u s e o u r m a t h w o r d s , to m a k e s u r e t ha t w e a r e n o t d i s t o r t i n g the i r 
m e a n i n g s . If w e a r e n o t per fec t ly c lear a b o u t w h a t w e a r e s a y i n g m a t h e m a t i c a l l y , o u r 
s t a t e m e n t s w i l l p r o b a b l y t u r n o u t to b e incorrec t , if n o t d o w n r i g h t m e a n i n g l e s s . It is 
n o t too h a r d to u s e m a t h - o n l y w o r d s correc t ly , a s l o n g as w e p a y a t t e n t i o n to t h e 
de f in i t ions . Bu t w o r d s t h a t h a v e c o m m o n m e a n i n g t h a t h a v e b e e n b o r r o w e d by 
m a t h e m a t i c s , or t h a t h a v e b e e n b o r r o w e d from m a t h e m a t i c s , n e e d ex t r a care . 
A s i m p l e example : a re a s q u a r e a n d a rec tang le similar s h a p e s ? If 
» jrp, y o u ask this q u e s t i o n o u t s i d e of a m a t h e m a t i c a l context , the 
^ ^ ^ a n s w e r wi l l p r o b a b l y b e "yes". T h e y b o t h h a v e t he s a m e 
n u m b e r of s ides a n d r igh t ang le s at all the corners . So 
they ' r e close. A r e t hey m a t h e m a t i c a l l y s imil iar? N o t ^ x _ 
a t all. M a t h e m a t i c a l s imi la r i ty r e q u i r e s o n e s h a p e to ^^J 
b e a n e n l a r g e m e n t or r e d u c t i o n of t he o the r s h a p e , 
w i t h the s a m e s t r e t ch ing or s h r i n k i n g in eve ry d i rec t ion . 
The on ly w a y a rec tang le a n d a s q u a r e can b e m a t h e m a t i c a l l y 
s imi la r is if t he rec tang le is itself a squa re . 
For desse r t , y o u c a n h a v e p i e or ice c r eam. C a n y o u h a v e 
b o t h ? In c o m m o n Engl i sh , y o u canno t . "Or" is exclus ive , 
f o r b i d d i n g b o t h of the t h ings it jo ins f rom b e i n g t r u e at the 
s a m e t ime . Ma thema t i ca l l y , "or" is inclus ive . T h e m a t h 
s t a t e m e n t "pie or ice c r eam" is t he s a m e as t he Engl i sh 
s t a t e m e n t "pie or ice c r e a m or both" . T h e con tex t in w h i c h 
y o u a r e s p e a k i n g m a k e s a v e r y b ig difference w h e n s u c h a 
c o m m o n w o r d as "or" h a s t w o different m e a n i n g s ! 
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U s u a l l y , y o u can g u e s s t he bas ic m e a n i n g of a m a t h w o r d , if n o t i ts exact 
de f in i t ion , f rom its m e a n i n g in Engl i sh . T h u s , t he slope is a m e a s u r e of h o w m u c h 
s l an t a l ine has , a union is a b u n c h of t h i n g s j o ined t oge the r , a n d a median is 
s o m e t h i n g tha t is in t he m i d d l e . Often, h o w e v e r , w o r d s a r e b o r r o w e d w i t h o u t the i r 
n o r m a l m e a n i n g , or w i t h t he m e a n i n g spec ia l ly a l t e red to fit a p a r t i c u l a r u se . 
A n e x a m p l e of this w o u l d b e sequence a n d series. In Engl i sh , 
b o t h of these w o r d s m e a n essent ia l ly the s a m e th ing : a b u n c h 
of t h ings in a pa r t i cu la r o rder . M a t h e m a t i c s h a s b o r r o w e d "sequence" 
{$ in this m e a n i n g , b u t r e se rves a specia l m e a n i n g for "series". 
A ser ies in m a t h e m a t i c s is w h e r e the t h i n g s in a s e q u e n c e a re 
a d d e d toge ther . So " 1, 2, 3, 4" is s equence , b u t is n o t a ser ies b e c a u s e 
the t e r m s a re n o t s u m m e d . Similar ly, if left to m a t h e m a t i c i a n s , w e 
w o u l d h a v e to r e n a m e the baseba l l c h a m p i o n s h i p "the W o r l d Sequence" 
s ince t he g a m e s a re n o t a d d e d toge ther . G o o d t h i n g it w a s n ' t left to 
m a t h e m a t i c i a n s , t h o u g h ; "the W o r l d Sequence" jus t d o e s n ' t h a v e the 
r igh t r ing. 
O n e final e x a m p l e . D o e s y o u r TV or V C R h a v e a 37- func t ion r e m o t e (or 
w h a t e v e r t he n u m b e r is)? M i n e d o e s . In Engl i sh , a "funct ion" is a u s e or o p e r a t i o n . 
M y TV r e m o t e con t ro l h a s 37 b u t t o n s , e a c h of w h i c h m a k e s t he TV d o s o m e t h i n g 
different , so 37 d i f fe ren t o p e r a t i o n s a r e p e r f o r m e d . By t h e m a t h e m a t i c a l de f in i t i on of 
a func t ion , n o n e of t h o s e 37 o p e r a t i o n s a r e funct ions . In m a t h e m a t i c s , if y o u h a v e a 
func t ion a n d p u t t he s a m e t h i n g in e a c h t ime , t h e s a m e t h i n g h a s to c o m e ou t . O n m y 
r e m o t e , if I p r e s s t h e " v o l u m e d o w n " b u t t o n , t h e v o l u m e d o e s n ' t a l w a y s g o d o w n 
after it h a s b e e n r e d u c e d to t he m i n i m u m it can ' t go d o w n a n y fur ther . 
M a t h e m a t i c a l l y , I w o u l d desc r ibe m y r e m o t e con t ro l as a s ing le func t ion w h i c h h a s 
t w o i n p u t s ( the c u r r e n t s t a te of t he TV a n d the b u t t o n t ha t I p re s s ) a n d g ives o n e 
o u t p u t ( the n e w s t a t e of t he TV). For ins tance , e a c h t i m e I p r e s s t he "channe l u p " 
b u t t o n w h e n t h e TV is o n c h a n n e l 2, it goes to c h a n n e l 3. 
P e o p l e a r e v e r y g o o d at f igur ing o u t t he m e a n i n g of t h i n g s t ha t a re a m b i g u o u s . 
U s u a l l y it wi l l b e clear w h e t h e r y o u a re u s i n g a w o r d in its m a t h e m a t i c a l con tex t or its 
n o r m a l u s a g e . U s u a l l y t he a u d i e n c e can fill in the m i s s i n g p ieces w h e n y o u fail to b e 
specific w i t h y o u r v o c a b u l a r y . W h e n y o u ask s o m e o n e to ro t a t e a n object, y o u d o n ' t 
a l w a y s h a v e to specify t he axis of r o t a t i on a n d the d i r ec t ion a n d a n g l e t h r o u g h w h i c h 
y o u w a n t t he object r o t a t e d . But w h y m a k e t h i n g s h a r d o n y o u r a u d i e n c e ? W h e n y o u 
w r i t e or s p e a k y o u s t r ive to t r a n s m i t y o u r ideas quick ly , efficiently, a n d accura te ly . 
M a t h e m a t i c a l i d e a s s h o u l d n o t b e a n excep t ion . If u s e d cor rec t ly a n d careful ly , 
m a t h e m a t i c a l l a n g u a g e is v e r y efficient a n d accura t e . You j u s t h a v e to t h ink ! 
Ac t iv i t i e s : 
• M a k e a list of m a t h v o c a b u l a r y w o r d s y o u h a v e u s e d recent ly . A r e t h e y u n i q u e to 
m a t h e m a t i c s , b o r r o w e d f rom Engl i sh , or d i d E n g l i s h b o r r o w t h e m f rom 
m a t h e m a t i c s ? W h a t is t he d i f ference in the i r m a t h a n d c o m m o n u s a g e s ? W h a t is 
the i r exac t m a t h e m a t i c a l m e a n i n g , a n d w h a t t h i n g s d o y o u n e e d to k n o w to u s e 
t h e m p r o p e r l y ? 
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T r y to f ind a m a t h e m a t i c a l d i c t i o n a r y t ha t g ives e t y m o l o g i e s . W h e r e d i d s o m e of 
y o u r w o r d s c o m e f rom? S o m e w o r d s h a v e v e r y i n t e r e s t i n g h i s to r i e s ( t ry f i nd ing 
o u t a b o u t a lgeb ra , a l g o r i t h m , c iphe r , i m a g i n a r y n u m b e r , fractal, a n d C a r t e s i a n 
c o o r d i n a t e s ) . W h e r e d i d s o m e m a t h e m a t i c a l c o n v e n t i o n s c o m e f rom, s u c h as 
u s i n g x for a va r i ab le , m for t he s lope , e for t he b a s e of t he n a t u r a l l o g a r i t h m , a n d % 
for t h e r a t io of t h e c i r c u m f e r e n c e to t he d i a m e t e r ? 
T r y to t h i n k of e x a m p l e s w h e r e u s i n g a w o r d w i t h o u t b e i n g careful a b o u t i ts 
con t ex t c a n ge t y o u in to t roub le . 
Br ing i n e x a m p l e s of m a t h w o r d s t h a t a r e u s e d in c o m m o n s i t ua t i ons . D o t h e y 
h a v e m e a n i n g s w h i c h a r e s imi l a r to the i r m a t h e m a t i c a l m e a n i n g s ? O r is it l ike t he 
37- func t ion r e m o t e ? H o w w o u l d y o u desc r ibe t h e s i t u a t i o n p r o p e r l y f rom a 
m a t h e m a t i c a l p e r s p e c t i v e ? 
W a t c h y o u r h o m e w o r k , w r i t i n g , a n d s p e e c h t h a t i n c l u d e s m a t h e m a t i c s . A r e y o u 
a l w a y s as careful as y o u s h o u l d b e w h e n u s i n g m a t h w o r d s ? £a 
THE PALINDROME ORDER O F A N U M B E R 
by: S u s a n K. E d d i n s 
Illinois Mathematics and Science Academy 
A palindromic number 
is any number which has the same value when read from either direction. 
Try this: Write down any 3 digit number 
Under it write down the number you get by reversing the digits in your original 
number. 
Add the two numbers. 
If the number is a palindrome, stop. If the number is not a palindrome, under it 
write down the number you get by reversing its digits. 
Add these two numbers. 
Repeat this process until you get a palindrome. 
Count the number of times that you had to add in order to reach the palindrome. 
That number is the "palindrome order" of the number you started with. 
S o m e e x a m p l e s : 
423 
+ 324 
747 
So 423 has a palindrome order of 1. 
4782 
2874 
+ 
7656 
6567 
14223 
+ 32241 
46464 So 4782 has a palindrome order of 3. 
See h o w m a n y 3 -d ig i t n u m b e r s of palindrome order 1 y o u can find. 
See h o w m a n y 4 -d ig i t n u m b e r s of palindrome order 1 y o u can find. 
W h a t h a s to b e t r u e a b o u t a n y n u m b e r w i t h palindrome order 1? 
W h a t is t he l a rges t t h r e e d ig i t n u m b e r w i t h a palindrome order of 1? 
See h o w m a n y n u m b e r s of palindrome order 3 y o u can find. 
W h a t w o u l d it m e a n for a n u m b e r to h a v e a palindrome order of 0? 
F i n d a n u m b e r w i t h a palindrome order of 10 or m o r e . ^ 
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P A R A H E X E S 
by: B a r r y S c h n o r r , C l a s s of 1998 
Illinois Mathematics And Science Academy 
P a r a h e x e s a r e h e x a g o n s t h a t s h a r e s o m e p r o p e r t i e s of 
a p a r a l l e l o g r a m . (I t h o u g h t t h a t " p a r a h e x u s " w a s a s h o r t e r 
a n d b e t t e r n a m e t h a n " p a r a l l e l o h e x a g o n " ) 
Def in i t ion : a parahexus is a h e x a g o n w i t h all t h r e e 
p a i r s of o p p o s i t e s i d e s b o t h p a r a l l e l a n d c o n g r u e n t . 
T h e w o r d "both" in t h i s de f in i t i on is i m p o r t a n t . I n a 
h e x a g o n o p p o s i t e s i d e s b e i n g c o n g r u e n t d o e s n o t i m p l y t h a t 
t h e y a r e p a r a l l e l s a n d p a r a l l e l o p p o s i t e s i d e s n e e d n o t b e 
c o n g r u e n t . F o r e x a m p l e , t a k e a e q u i l a t e r a l t r i a n g l e w i t h 
s m a l l e r e q u i l a t e r a l t r i a n g l e s l o p p e d off t h e c o r n e r s . W h i l e 
o p p o s i t e s i d e s a r e pa ra l l e l , s u c h a f igure is n o t a p a r a h e x u s . 
In o r d e r to p r o v e t h a t a h e x a g o n is a p a r a h e x u s , o n e d o e s n o t h a v e to p r o v e 
all p a i r s of o p p o s i t e s i d e s b o t h p a r a l l e l a n d c o n g r u e n t . I n fact, a s a n e x t e n s i o n of t h e 
m e t h o d s u s e d for p a r a l l e l o g r a m s , y o u c a n p r o v e t h a t t h e h e x a g o n is a p a r a h e x u s b y 
p r o v i n g a n y one of t h e fo l l owing : 
All pairs of opposite sides 
are parallel and one pair of 
opposite sides is congruent. 
R 
All pairs of opposite sides 
are congruent and one pair 
of opposite sides is parallel. 
R 
Two pairs of opposite sides are 
both parallel and congruent. 
X X X 
In all t h r e e ca se s t h e r e m a i n i n g p a r a l l e l s o r c o n g r u e n c e s c a n b e ve r i f i ed 
T h e o r e m 1: O t h e r w a y s to p r o v e t h a t a h e x a g o n is a 
p a r a h e x u s a r e a l so pos s ib l e . If t h e 3 m a i n d i a g o n a l s of a 
h e x a g o n a r e c o n c u r r e n t , a n d t h e p o i n t of c o n c u r r e n c e is t h e 
m i d p o i n t of e a c h d i a g o n a l , t h e n t h e h e x a g o n is a p a r a h e x u s . 
Jus t i f i ca t ion : U s i n g SAS a n d t h e fact t h a t ve r t i ca l 
a n g l e s a r e c o n g r u e n t y o u c a n p r o v e t h e t r i a n g l e s o p p o s i t e 
e a c h o t h e r a c r o s s t h e p o i n t of c o n c u r r e n c e a r e c o n g r u e n t a n d 
t h u s p r o v e o p p o s i t e s i d e s c o n g r u e n t , a n d p r o v e t h e m 
p a r a l l e l u s i n g t h e c o n g r u e n t a l t e r n a t e i n t e r i o r a n g l e s . T h i s 
is v e r y m u c h l ike t h e " d i a g o n a l s b i sec t e a c h o t h e r " m e t h o d 
for p r o v i n g t h a t a q u a d r i l a t e r a l is a p a r a l l e l o g r a m . 
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T h e o r e m 2: A h e x a g o n f o r m e d b y a p a r a l l e l o g r a m 
w i t h c o n g r u e n t t r i a n g l e s p l a c e d o n 1 p a i r of o p p o s i t e s i d e s 
of t h e p a r a l l e l o g r a m so t h a t o p p o s i t e s i d e s of t h e r e s u l t i n g 
h e x a g o n a r e c o n g r u e n t f o r m s a p a r a h e x u s . 
Jus t i f ica t ion: O n e p a i r of o p p o s i t e s i d e s a r e a l r e a d y 
p a r a l l e l a n d c o n g r u e n t , a n d t h e o t h e r 2 p a i r s a r e c o n g r u e n t 
b e c a u s e t h e y a r e c o r r e s p o n d i n g p a r t s of c o n g r u e n t 
t r i a n g l e s . 
P r o p e r t i e s of a p a r a h e x u s : 
• E a c h p a i r of o p p o s i t e a n g l e s a r e c o n g r u e n t . 
• A n y p a i r of d i a g o n a l s t h a t d o n o t i n t e r sec t i n s i d e o r o n 
t h e p a r a h e x u s a r e pa r a l l e l . 
• T h e d i a g o n a l s c o n n e c t i n g t h e e n d p o i n t s of o p p o s i t e 
s i d e s , a l o n g w i t h t h e s i d e s t h e m s e l v e s , f o r m a 
p a r a l l e l o g r a m . 
• A t r i a n g l e w h o s e v e r t i c e s a r e c o n s e c u t i v e v e r t i c e s of x 
a p a r a h e x u s is c o n g r u e n t t o t h e t r i a n g l e d e t e r m i n e d b y 
t h e t h r e e r e m a i n i n g p o i n t s of t h e p a r a h e x u s . 
• T h e t h r e e m a i n d i a g o n a l s b i s ec t o n e a n o t h e r . 
• U s i n g t h e c o n g r u e n t t r i a n g l e s , o n e c a n p r o v e t h a t a n y 
o n e m a i n d i a g o n a l b i s e c t s a n y o t h e r m a i n d i a g o n a l . 
A c o r o l l a r y is t h a t t h e d i a g o n a l s of a p a r a h e x e s a r e 
c o n c u r r e n t . 
• T r i a n g l e s d e t e r m i n e d b y a l t e r n a t i n g v e r t i c e s a r e 
c o n g r u e n t . 
T h e s e p r o p e r t i e s c a n b e ve r i f i ed u s i n g t h e p a r a l l e l a n d c o n g r u e n t s i d e s to 
e s t a b l i s h m a n y c o n g r u e n t t r i ang l e s . Be s u r e to o b s e r v e t h e m a n y p a r a l l e l o g r a m s 
f o r m e d b y t h e s i d e s a n d d i a g o n a l s of t h e p a r a h e x u s . 
If t h e p a r a h e x u s is w a r p e d so t h a t it is n o 
l o n g e r a c o n v e x f igure , s o m e d i a g o n a l s w i l l g o 
o u t s i d e t h e f igure , b u t all t h e p r o p e r t i e s w i l l h o l d . 
M o s t of t h e p a r a h e x u s p r o p e r t i e s c a n b e 
e x t e n d e d to f u r t h e r p o l y g o n s . A n y n - g o n in w h i c h 
n is e v e n c a n b e a parallelopolygon. In all cases , y o u 
c a n p r o v e c o n g r u e n t t r i a n g l e s a r e f o r m e d b y t h e s i d e s 
a n d t h e m a i n d i a g o n a l s a n d t h a t t h e m a i n d i a g o n a l s 
b o t h b i s e c t e a c h o t h e r a n d a r e c o n c u r r e n t . 
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P a r a h e x e s d o h a v e a use fu l p r o p e r t y . 
( W h a t ? T h e s e t h i n g s c a n a c t u a l l y b e u s e d for 
s o m e t h i n g ? ) A n y p a r a h e x u s c a n b e u s e d to 
t e s se l l a t e a p l a n e . G i v e n a n y p a r a h e x u s , o n e 
c a n p l a c e six i d e n t i c a l o n e s , o r i e n t e d in t h e 
s a m e d i r e c t i o n , o n e a c h s i d e of it. T h e s e wi l l 
m a t c h u p pe r fec t ly b e c a u s e p a i r s of o p p o s i t e 
s i d e s a r e c o n g r u e n t t h e 3 a n g l e s a r o u n d t h e 
v e r t e x w h e r e t h e p a r a h e x e s m e e t w i l l a d d u p 
o 
pe r fec t ly to 360 . Th i s is a c o n s e q u e n c e of t h e 
fact t h a t o p p o s i t e a n g l e s a r e c o n g r u e n t a n d t h e 
s u m of t h e a n g l e s is 720°. M o r e p a r a h e x e s c a n 
b e a d d e d to t h e e d g e s of t hese , a n d m o r e to t hose , o n to inf in i ty . I n t e r e s t i n g s h a p e d 
p a r a h e x e s c o u l d b e u s e d as floor t i les, b e i n g a l m o s t as e a s y to m a k e a n d a lot b e t t e r 
l o o k i n g t h a n p l a i n o ld s q u a r e s o r r e g u l a r h e x a g o n s . 
A l so , it is a p p e a r s t h a t n o h e x a g o n e x c e p t a p a r a h e x u s 
c a n inf in i te ly t e s se l l a t e a p l a n e b y s i m p l e t r a n s l a t i o n . If p a i r s 
of o p p o s i t e s i d e s of a g i v e n h e x a g o n a r e n o t all c o n g r u e n t , 
t h e n t h e s i d e s w o u l d n o t fit t o g e t h e r a n d g a p s w o u l d b e left. 
Th i s is r a t h e r o b v i o u s . A n d if o p p o s i t e s i d e s a r e n o t pa ra l l e l , 
t h r e e a d j a c e n t a n g l e s ( w h i c h w o u l d b e t h e s a m e a s t h e t h r e e 
a n g l e s a r o u n d a p o i n t w h e r e 3 h e x a g o n s m e e t ) w o u l d n o t a d d 
u p to 360°. Th i s m e a n s all o p p o s i t e s i d e s m u s t b e p a r a l l e l a n d 
c o n g r u e n t , t he r e fo re , a p a r a h e x u s is n e c e s s a r y . C o n c a v e 
p a r a h e x e s w i l l a l so w o r k for t e s se l l a t i ng a p l a n e . 
T h i s f e a t u r e of t e s s e l l a t i ng a p l a n e d o e s n o t e x t e n d to p a r a l l e l o - 8 - g o n s , 
/ / -10-gons , / / -12-gons , / / -50-gons, etc. £a 
A d d i t i o n a l Q u e s t i o n s : 
1) F i n d s o m e o t h e r conc i s e m e t h o d s to p r o v e t h a t a h e x a g o n is a p a r a h e x u s ? 
2) P r o v e t h a t a f igu re f o r m e d b y c o n n e c t i n g a l t e r n a t e ve r t i ce s of a p a r a o c t a g o n is 
a p a r a l l e l o g r a m ? 
3) W h a t spec i a l f e a t u r e s d o e s a p a r a d e c a g o n h a v e ? 
4) W h a t m i n i m a l c o n d i t i o n s a r e n e c e s s a r y for t w o p a r a h e x e s to b e c o n g r u e n t ? 
5) W h a t m i n i m a l c o n d i t i o n s a r e n e c e s s a r y for t w o p a r a h e x e s to b e s i m i l a r ? 
No 
Room 
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P E R C E N T I N C R E A S E S A N D D E C R E A S E S : W H A T D O T H E Y M E A N ? 
by : C h a r l e s L. H a m b e r g a n d S u s a n K. E d d i n s 
Illinois Mathematics and Science Academy 
C o n s i d e r t h e f o l l o w i n g p r o b l e m : 
T h e v a l u e of e a c h s h a r e of H i T e c h s tock , w h e n i s s u e d in 1993, w a s $20. 
D u r i n g 1993 t h e s t o c k i n c r e a s e d 20% in v a l u e . I n 1994 t h e s tock ' s a n n u a l 
p e r f o r m a n c e s h o w e d a d e c r e a s e of 10%. In 1995, e a c h s h a r e s h o w e d a n a n n u a l g a i n 
of 40%. W h a t is t h e c u r r e n t v a l u e of t h e s tock? 
S t u d e n t s ' w h o h a v e l i t t le o r n o e x p e r i e n c e w i t h o r u n d e r s t a n d i n g of t h e s tock 
m a r k e t a n d c h a n g e s in s t ock v a l u e m i g h t ea s i ly c o m e u p w i t h t w o i n t e r p r e t a t i o n s 
for t h i s p r o b l e m . 
I n t e r p r e t a t i o n #1 
V a l u e 
In i t i a l v a l u e of s t ock w h e n i s s u e d in 1993 $20.00 
20% i n c r e a s e in 1993 (.20 x $20 = $4) $24.00 
10% d e c r e a s e in 1994 (.10 x $24 = $2.40) $21.60 
4 0 % i n c r e a s e in 1995 (.40 x $21.60 = $8.64) $30.24 
T h e p e r c e n t a g e i n c r e a s e in t h e s tock f rom its in i t ia l d a t e of i s s u e in 1993 to t h e e n d 
F i n a l V a l u e - In i t i a l V a l u e 
of 1995 c a n b e c a l c u l a t e d as -
 I n i t i a l V a l u e - • 
30.24 - 20.00 10.24 
U s i n g I n t e r p r e t a t i o n #1 th i s w o u l d b e ?n~nn = on 00 = " ^ o r 51-2%. 
I n t e r p r e t a t i o n #2 
V a l u e 
In i t i a l v a l u e of s t ock w h e n i s s u e d in 1993 $20.00 
2 0 % i n c r e a s e in 1993 (.20 x $20) = $4 $24.00 
10% d e c r e a s e in 1994 (.10 x $20) = $2 $22.00 
4 0 % i n c r e a s e in 1995 (.40 x $20) = $8 $30.00 
Th i s i n t e r p r e t a t i o n a s s u m e s t h a t t h e p e r c e n t a g e i n c r e a s e is a l w a y s f i g u r e d o n t h e 
in i t i a l v a l u e . T h e p e r c e n t a g e i n c r e a s e in t h e s tock f r o m its in i t ia l d a t e of i s sue in 
30 - 20 10 
1993 to t h e e n d of 1995 a c c o r d i n g to I n t e r p r e t a t i o n #2 w o u l d b e —^n— = 20 = ^ 
Q u e s t i o n : W h a t w a s t h e " a v e r a g e " a n n u a l i n c r e a s e for 1993, 1994, a n d 1995? 
Is it a p p r o x i m a t e l y 16.7% w h i c h m i g h t b e ca l cu l a t ed f rom 
50% •*• 3 ~ 16.7% o r t h e a v e r a g e of t h e a n n u a l p e r c e n t a g e s 
20% - 10% + 4 0 % 
= * 16.7%? O r is it 51.2% + 3 * 17.1%? 
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W h e n d e a l i n g w i t h s tocks , i n t e r p r e t a t i o n #1 is t h e m o r e c o m m o n w a y of 
v i e w i n g t h e p e r c e n t c h a n g e s in t h e v a l u e . T h a t is, p e r c e n t a g e g a i n is 
" b e n c h m a r k e d " a g a i n s t t h e p r e v i o u s y e a r ' s c l o s i n g p r i c e . 
I n t e r p r e t a t i o n #2 is a c o m m o n w a y of i n t e r p r e t i n g t h e c h a n g e in p u r c h a s i n g 
p o w e r for a f ixed a m o u n t of m o n e y in a g i v e n y e a r . T h u s , a 5 % i n c r e a s e in in f la t ion 
is of ten i n t e r p r e t e d to m e a n a 5% d e c r e a s e in p u r c h a s i n g p o w e r a s i n d e x e d to a f ixed 
yea r . 
A n u n d e r s t a n d i n g of t h e d i f fe ren t i n t e r p r e t a t i o n s is i m p o r t a n t for al l c i t i z ens 
s ince d a t a is of ten r e p o r t e d to c o n s u m e r s w i t h o u t exp l ic i t ly c l a r i fy ing w h i c h m e t h o d 
is b e i n g u s e d for ca l cu la t ions . T h e t ab l e b e l o w d e s c r i b e s t h e a u d i t e d p e r f o r m a n c e 
r e c o r d of W a l l S t ree t e x p e r t J o h n D e s s a u e r ' s r e c o m m e n d e d p o r t f o l i o for s tocks . It 
l e a v e s r o o m for m u l t i p l e i n v e s t m e n t i n t e r p r e t a t i o n . 
1982 
1983 
1984 
1985 
1986 
1987 
1988 
1989 
1990 
1991 
1992 
1993 
1994 
A n n u a l P e r f o r m a n c e 
20 .1% 
2 1 % 
0 .0% 
41 .8% 
20 .2% 
- 1 0 . 9 % 
27.7% 
21.1% 
- 1 6 . 5 % 
36.8% 
11.8% 
23.,1% 
- 5 . 8 % 
C u m u l a t i v e G a i n 
20 .1% 
45 .3% 
45 .3% 
106.1% 
147.7% 
120.7% 
181.8% 
241 .3% 
185.0% 
289 .8% 
335 .8% 
436 .5% 
405 .4% 
(A h y p o t h e t i c a l i n v e s t m e n t of $150,000 in 1982 w o u l d h a v e b e e n w o r t h $758,100 in 1994.) 
L o o k a t t h i s t a b l e careful ly . 
• H o w is it p o s s i b l e for a n a n n u a l g a i n in 1988 of 27.7% to t r a n s l a t e i n t o a 
c u m u l a t i v e g a i n of 61.1%? 
• H o w is it p o s s i b l e for a n a n n u a l g a i n in 1993 of 23.1% to t r a n s l a t e i n t o a 
c u m u l a t i v e g a i n of 100.7%? 
• H o w c a n a n a n n u a l g a i n w h i c h is less in 1993 t h a n in 1988 c a n p r o d u c e a 
l a r g e r p e r c e n t c u m u l a t i v e g a i n in 1993 t h e n in 1988? 
• If t h e a v e r a g e a n n u a l r a t e of in f la t ion d u r i n g th i s t i m e p e r i o d w a s 4%, w h a t 
g a i n in purchasing power d o e s t h i s i n v e s t m e n t r e p r e s e n t ? 
T h e p r e c e d i n g i l l u s t r a t e s h o w d a t a c a n g i v e a d i s t o r t e d i m p r e s s i o n d e p e n d i n g 
u p o n t h e i n t e r p r e t a t i o n s a n d a s s u m p t i o n s g i v e n to t h e d a t a . B e i n g a w a r e of s u c h 
i n t e r p r e t a t i o n s a n d a s s u m p t i o n s e m p o w e r s e a c h of u s to h a v e a g r e a t e r 
u n d e r s t a n d i n g of t h e "real w o r l d " a n d to b e m o r e i n t e l l i g e n t c o n s u m e r s in t h i s 
" I n f o r m a t i o n A g e " . £D 
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T R I A N G L E CENTERS: Po in t s of Concurrency a n d S y m m e t r i c Po in t s 
by : G e o r g e M i l a u s k a s 
Illinois Mathematics and Science Academy 
It is t y p i c a l in a G e o m e t r y c lass to a sk s t u d e n t s to loca te four spec ia l p o i n t s of a t r i ang le . 
(1) T h e C e n t r o i d 
T h e Centroid, M , of a t r i a n g l e is t h e p o i n t of c o n c u r r e n c y 
of t h e m e d i a n s of t h e t r i a n g l e , a n d h a s t h e f o l l o w i n g 
p r o p e r t i e s : 
• T h e a r e a s of all s ix s u b - t r i a n g l e s a r e e q u a l . 
• T h e c e n t r o i d is t h e c e n t e r of m a s s of t h e t r i ang l e . 
(That is, the triangle will balance at its centroid, as well as 
balance along any of its medians.) 
• It d i v i d e s e a c h m e d i a n in a ra t io , 2:1. (ex: CM:MF = 2:1) 
Orthocenter 
Incenter 
(2) T h e O r t h o c e n t e r 
T h e Orthocenter, © , of a t r i a n g l e is t h e p o i n t of 
c o n c u r r e n c y of t h e a l t i t u d e s of t h e t r i ang l e , a n d h a s t h e 
f o l l o w i n g p r o p e r t i e s : 
• S e v e r a l p a i r s of s i m i l a r t r i a n g l e s a r e f o r m e d . 
(ex. ACFB ~ AADB, AAFC ~ AAEB, ACDA ~ ACEB) 
• T h e q u a d r i l a t e r a l s F O D B , F O E A, D O E C a re cyclic. 
(Since opposite angles are supplementary, each quadrilateral 
is inscribable in a circle) 
(3) T h e I n c e n t e r 
T h e Incenter, U, of a t r i a n g l e is t h e p o i n t of 
c o n c u r r e n c y of t h e a n g l e b i s e c t o r s of t h e t r i ang l e . 
S o m e of t h e p r o p e r t i e s w e see are: 
• It is t h e c e n t e r of a n i n s c r i b e d circle. 
( r a d i u s r = -—: — ) 
x
 Perimeter 
• T h e a r e a of t h e t r i a n g l e is n u m e r i c a l l y e q u a l to 
t h e p e r i m e t e r , w h e n e v e r r = 2. 
• H is e q u i d i s t a n t f rom t h e s i d e s of t h e t r i ang le . 
(4) T h e C i r c u m c e n t e r 
T h e Circumcenter , C , of a t r i a n g l e is t h e p o i n t of 
c o n c u r r e n c y of t h e p e r p e n d i c u l a r b i s e c t o r s of t h e 
s i d e s of t h e t r i a n g l e . S o m e p r o p e r t i e s w e see are: 
• It is t h e c e n t e r of t h e c i r c u m s c r i b e d circle. 
( r a d i u s R = , w h e r e k is t h e a r e a of A) 
• C is e q u i d i s t a n t f r o m t h e v e r t i c e s of t h e t r i ang l e . 
A c t i v i t y : (By ruler and compass construction or by using computer construction software)^ ' 
D e t e r m i n e t h e r e l a t i v e l o c a t i o n s of t h e 4 "cen te r s" in t r i a n g l e s w h i c h are: 
(a) A c u t e (b) R i g h t (c) O b t u s e (d) I sosce les (e) E q u i l a t e r a l 
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C e v a ' s T h e o r e m : 
A n e a t l i t t le t h e o r e m w h i c h e x t e n d s b e y o n d t h e s e four 
s p e c i a l p o i n t s , C e v a ' s T h e o r e m , i n v o l v e s p o i n t s of 
c o n c u r r e n c y of c e v i a n s . A cevian is a s e g m e n t w h i c h jo in s 
a v e r t e x of a t r i a n g l e to a n y i n t e r i o r p o i n t of t h e o p p o s i t e 
s ide . N o t i c e t h a t t h e m e d i a n is a n e x a m p l e of a cevian. 
C e v a ' s T h e o r e m i n d i c a t e s t h a t t h r e e c e v i a n s of a t r i a n g l e 
wi l l b e c o n c u r r e n t w h e n a n d o n l y w h e n t h e p r o d u c t of t h e 
r a t i o s of c o n s e c u t i v e s i d e s e g m e n t s is 1. 
T h a t is: r • T • 7 = 1 <=> t h e c e v i a n s a r e c o n c u r r e n t , b d f 
The proof of Ceva's Theorem is found in many books, such as (2). 
You might want to try this proof on your own. It isn't too difficult. 
P r o b l e m s : U s e C e v a ' s T h e o r e m 
1. P r o v e t h a t t h e m e d i a n s of a t r i a n g l e a r e c o n c u r r e n t . 
2. P r o v e t h a t t h e t h r e e a n g l e b i s e c t o r s of a t r i a n g l e a r e c o n c u r r e n t . 
3. P r o v e t h a t t h e t h r e e a l t i t u d e s of a n a c u t e t r i a n g l e a r e c o n c u r r e n t . 
M a s s Po in t s : 
C e v i a n s l e a d to a v e r y i n t e r e s t i n g m a t h e m a t i c a l a p p l i c a t i o n of a p h y s i c a l p r i n c i p l e . 
That is, balance occurs whenever the ratio of masses is inversely T h e F u l c r u m P r o b l e m : 
proport ional to the ratio of distances to the balance point. 
Fo r a n y b a l a n c e b e a m : m 1 - d 1 = m 2 - d 2 o r rrij 
N o t e a l so t h a t t h e to t a l m a s s a t t h e f u l c r u m is: m , + rru 
m i m , 
T Balance Point 
(Fulcrum) 
M a s s P o i n t s a p p l i e d to a t r i ang le : 
An extension of the fulcrum problem can be applied to triangles. 
G i v e n AABC w i t h AE:EC = 2:5, C D : D B = 3:7 
(Ratios in diagram are represented as numbers within brackets) 
W e can f ind AF:FB a n d a l so f ind AP:PF , A P : P D , EP:PB. 
b y t h i n k i n g of t h e s e n u m b e r s a s d i s t a n c e s a n d l o o k i n g at 
t h e m a s s e s n e e d e d to "ba lance" t h e s y s t e m . 
W e c a n m a k e t h e s i d e "ba lance" a t t h e i n t e r i o r p o i n t b y p l a c i n g a p p r o p r i a t e m a s s e s 
at t h e e n d s . 
CB balances at D wi th masses of 7 g and 3 g at the ends. 
A C will balance at E wi th masses of 5 g at A and 2 g at C. 
However , in order to accomodate both the 2 g and 7 g 
needed at C, w e can increase all the masses proportionally 
to make a mass of 14 g rams at C. 
In physics, w h e n a fulcrum is placed so that the product 
mass x distance (mass to fulcrum) is the same on both sides 
of the fulcrum the system will balance. 
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Thus, w e have masses of 35, 14, and 6 at the vertices, and 
total masses of: 49, 20, and 41, at the balance points on the sides. 
It is evident in the figure that AF:FB = 6:35 (here we know the "masses" 
we need to determine the "distances".) Similarly, the cevians are divided 
such that, AP:PD = 20:35, CP:PF = 14:41, and EP:PB = 6:49. 
Take note that along any cevian, the point P is a balance point 
wi th total mass of 49 + 6 = 35 + 20 = 14 + 41 = 55 which is the 
s u m of the original three masses a d d e d at the vertices. (14+35+6) 
W i t h t h e m a s s e s in p l ace , AABC wi l l b a l a n c e a t P. 
Mass Points p r o v i 
 
ides a w a y to obtain ratios of side segments and of the par ts of cevian segments 
Tri at~\ rr\ a I onlorc N o w r e t u r n to T r i a n g l e C e n t e r s . 
E a c h C e n t r a l P o i n t h a s a " s y m m e t r y " w i t h i n t h e t r i a n g l e . 
• T h e m e d i a n s a n d c e n t r o i d a r e s a id to "ba l ance area" . T h e c e n t r o i d is a 
c e n t r a l p o i n t r e l a t i ve to a r ea . See if y o u c a n u s e m a s s p o i n t s t o jus t i fy 
t h a t t h e c e n t r o i d d i v i d e s e a c h m e d i a n in a r a t io 2:1. 
• T h e i n c e n t e r is " e q u i d i s t a n t f r o m t h e s ides" of t h e t r i ang l e . It is a c e n t r a l 
p o i n t r e l a t i v e to t h e s ides . U s i n g C e v a ' s t h e o r e m , w e c a n p r o v e t h a t t h e 
a n g l e b i s e c t o r s a r e c o n c u r r e n t . S ince a n a n g l e b i s e c t o r d i v i d e s t h e o p p o s i t e 
s i d e of t h e t r i a n g l e in t h e s a m e r a t i o as t h e s i d e s of t h e a n g l e , 
^ ~ _ C D A CB _FB , A B _ A E , , , CD FB AE AC CB AB 
A B ~ D B a A C ~ A F CB " E C i n e r e t o r e - DB ' A F ' E C " A B ' A C ' C B = 1 
• T h e c i r c u m c e n t e r is " e q u i d i s t a n t " f r o m t h e ve r t i ces" of t h e t r i a n g l e a n d is a 
c e n t r a l p o i n t r e l a t i v e to t h e ve r t i ces . E v e n t h o u g h it w a s n o t in i t i a l ly 
d e t e r m i n e d b y t h r e e c e v i a n s , t h e c i r c u m c e n t e r h a s a u n i q u e t h r e e s o m e of 
c e v i a n s w h i c h c a n b e d r a w n t h r o u g h it. C e v a ' s t h e o r e m g u a r a n t e e s t h a t t h e 
p r o d u c t of t h e r a t io s of t h e p a r t s of e a c h s i d e wi l l b e 1. It is n o t a n e a s y t a sk to 
d e t e r m i n e t h e s e i n d i v i d u a l r a t i o s n o r t o d e m o n s t r a t e t h a t t h e p r o d u c t is 1. 
O t h e r C e n t r a l P o i n t s In E v e r y Tr i ang le : 
T h e f o l l o w i n g a r e a d d i t i o n a l "cen te rs" in a t r i a n g l e . 
(5) T h e N a g e l P o i n t 
T h e Nagel Point, N , of a t r i a n g l e is t h e p o i n t of 
c o n c u r r e n c y of t h e s e g m e n t s t h a t jo in e a c h v e r t e x to 
t h e " s e m i - p e r i m e t e r " p o i n t , t h e p o i n t h a l f w a y a r o u n d 
t h e p e r i m e t e r of t h e t r i a n g l e f rom t h e v e r t e x . 
• Y o u c a n s h o w tha t : CE=BF, A E = D B , a n d A F = C D . 
T h u s , ve r t i ca l a n g l e s at t h e N a g e l P o i n t c u t off e q u a l 
s e g m e n t s o n t h e s ides . 
• U s e C e v i a n ' s T h e o r e m to p r o v e t h a t t h e 3 s e m i -
p e r i m e t e r c e v i a n s a r e i n d e e d c o n c u r r e n t . 
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(6) T h e F e r m a t P o i n t 
T h e Fermat Point, IF, of a t r i a n g l e is t h e p o i n t w h e r e 
t h e s u m of t h e d i s t a n c e s to t h e ve r t i ces , C F + B F + A F , 
is a m i n i m u m . 
• T h e a n g l e s CFB, BFA a n d A F C a re e q u a l , 120°. 
• E a c h c e v i a n c a n b e c o n s t r u c t e d b y j o i n i n g t h e 
o u t e r v e r t e x of a n e q u i l a t e r a l t r i a n g l e m o u n t e d 
o n a s i d e to t h e o p p o s i t e v e r t e x of t h e t r i ang le . 
(7) T h e G e r g o n n e P o i n t 
T h e Gergonne Point , G , of a t r i a n g l e is t h e p o i n t of 
c o n c u r r e n c y of t h e s e g m e n t s t h a t jo in e a c h v e r t e x to 
t h e o p p o s i t e p o i n t of c o n t a c t of t h e circle w i t h t h e s i d e 
of t h e t r i ang l e . 
• U s e t h e " t w o t a n g e n t t h e o r e m " to p r o v e t h a t t h e 
G e r g o n n e P o i n t ex is t s . T h a t is, t h a t t h e t h r e e 
c e v i a n s d e t e r m i n e d b y t h e p o i n t s of t a n g e n c y a r e 
c o n c u r r e n t . 
C Gergonne Point 
A d d i t i o n a l P r o b l e m s : 
1) F i n d 3 o t h e r p o i n t s b e s i d e s t h e i n c e n t e r t h a t 
a r e e q u i d i s t a n t f r o m t h e l ines t h a t c o n t a i n t h e 
s i d e s of t h e t r i ang le , (i.e. t h e e x t e n s i o n s of t h e 
t r i ang le . ) Jo in t h e m to t h e o p p o s i t e v e r t i c e s to 
o b t a i n a n o t h e r c e n t r a l p o i n t . O n e s u c h p o i n t is 
s h o w n a t t h e r i gh t . 
2) Jus t i fy w h y e v e r y p o i n t i n s i d e a t r i a n g l e is u n i q u e l y d e t e r m i n e d b y a 
t h r e e s o m e of c e v i a n s . 
T h e s e a r e o n l y a f ew of t h e h u n d r e d s of s u c h s y m m e t r i c p o i n t s t h a t h a v e b e e n 
s t u d i e d r e l a t i ve to t r i ang le s . Y o u m i g h t t ry d i s c o v e r i n g a c e n t r a l p o i n t t h a t y o u c a n 
n a m e . T r y to p r o v e t h e c o n c u r r e n c y of y o u r d e f i n e d c e v i a n s a n d t r y to f ind s o m e 
i n t e r e s t i n g p r o p e r t i e s . &> 
R e f e r e n c e s : 
(1) D y n a m i c G e o m e t r i c C o n s t r u c t i o n S o f t w a r e (available on bo th PC & Mac platforms) 
• Cabri G e o m e t r y II, a v a i l a b l e t h r o u g h T e x a s I n s t r u m e n t s C o m p a n y 
• Geometer's Sketchpad, K e y C u r r i c u l u m P r e s s , (800) 338-7638 
(2) Excursions In Advanced Geometry, P o s a m e n t i e r , A d d i s o n - W e s l e y P u b l i s h i n g 
Co. , Inc., 1 Jacobs W a y , R e a d i n g , M A 01867, (800) 552-2259. 
(3) " C e n t r a l P o i n t s a n d C e n t r a l L ine s in t h e P l a n e of a T r i ang le" , a n a r t i c le b y 
C l a r k K i m b e r l i n g , U n i v e r s i t y of E v a n s v i l l e , E v a n s v i l l e , I N 47722 
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M A T H E M A T I Z A T I O N : A W A L K I N T H E P A R K 
by : S u s a n K. E d d i n s 
Illinois Mathematics and Science Academy 
T h e r e is a p a r k , Jardin de la Ville Amelia, i n B a r c e l o n a , S p a i n , w h e r e m o s t 
m o r n i n g s t h e o l d e r m e n of t h e n e i g h b o r h o o d m e e t t o w a l k a n d vis i t . W h i l e 
w a l k i n g in t h i s p a r k w i t h a S p a n i s h c o l l e a g u e d u r i n g a c o n f e r e n c e th i s p a s t fall, I 
w a s r e m i n d e d of E u l e r ' s f a m o u s Konigsberg Bridge Problem of 1736 w h i c h is o f ten 
c i t ed as t h e s t a r t i n g p o i n t for t h e m a t h e m a t i c a l field k n o w as graph theory. 
T h e G e r m a n t o w n of K o n i g s b e r g w a s b u i l t o n b o t h s i d e s of a r ive r . T h e t o w n 
i n c l u d e d t w o i s l a n d s c o n n e c t e d to t h e s h o r e s a n d e a c h o t h e r b y a se r i e s of s e v e n 
b r i d g e s . T h e q u e s t i o n p o s e d b y E u l e r w a s w h e t h e r r e s i d e n t s of K o n i g s b e r g c o u l d 
t a k e a s t ro l l i n t h e e v e n i n g d u r i n g w h i c h t h e y w o u l d c ro s s e a c h of t h e s e v e n b r i d g e s 
e x a c t l y o n e t i m e . T o a n s w e r t h i s q u e s t i o n , E u l e r mathematized it, t h a t is h e t o o k 
t h e essential elements of t h e s i t u a t i o n a n d r e p r e s e n t e d t h e m u s i n g mathematical 
objects. I n t h i s c a se h e u s e d s e g m e n t s of l ines a n d c u r v e s a n d t h e i r p o i n t s of 
i n t e r s e c t i o n . 
E u l e r c h o s e to r e p r e s e n t e a c h l a n d m a s s b y a p o i n t , ca l l ed a vertex, a n d e a c h 
b r i d g e b y a s e g m e n t , ca l l ed a n edge. W h e n m a t h e m a t i z e d in t h i s w a y , E u l e r ' s 
q u e s t i o n is t h e s a m e as a s k i n g w h e t h e r it is p o s s i b l e to t r ace o v e r e v e r y s e g m e n t of 
t h i s network e x a c t l y o n c e w i t h o u t l i f t ing y o u r p e n c i l . 
E u l e r r e a s o n e d as fo l lows: If t h e degree of a v e r t e x is o d d , t h a t is, if it h a s a n 
o d d n u m b e r of e d g e s c o m i n g i n t o it, t h e n y o u m u s t e i t h e r begin o r end y o u r t r a c i n g 
a t t h i s v e r t e x . To a p p r o a c h a v e r t e x a l o n g o n e e d g e a n d l e a v e a l o n g a n o t h e r 
r e q u i r e s a pair of e d g e s . B e c a u s e all four v e r t i c e s in t h e K o n i g s b e r g n e t w o r k a r e of 
odd degree, t r a v e l i n g a c r o s s e a c h b r i d g e exac t l y o n e t i m e is n o t p o s s i b l e . 
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T h e c h a l l e n g e p r e s e n t e d to y o u is t o u s e t h e d r a w i n g of t h e Jardin de la Ville 
Amelia t o m a t h e m a t i z e t h e s i t u a t i o n a n d to d e t e r m i n e w h e t h e r Dr . P e r e z - P a r d o 
c o u l d w a l k a l o n g e v e r y p a t h in t h e p a r k exac t ly o n e t i m e d u r i n g h i s m o r n i n g s t rol l . 
If it is p o s s i b l e , w h e r e m u s t h e b e g i n a n d e n d ? If it is n o t p o s s i b l e in o n e w a l k , h o w 
m a n y d i f fe ren t w a l k s w o u l d it t a k e for h i m to b e ab le to d o so a n d w h e r e c o u l d h e 
b e g i n a n d e n d e a c h ? [Mai l y o u s o l u t i o n s a l o n g w i t h y o u r c o m m e n t s b a c k to IMSA. ] 
exit 
exit 
Jardin de la V i l l e A m e l i a 
[Hin t : Y o u m a y n e e d to t h i n k carefu l ly a b o u t w h a t y o u r e p r e s e n t as ver t ices . ] ^ 
• K e n n e y , M a r g a r e t J. (ed i tor ) , D i sc r e t e M a t h e m a t i c s A c r o s s t h e C u r r i c u l u m , ( the 
1991 Y e a r b o o k of t h e N a t i o n a l C o u n c i l of T e a c h e r s of M a t h e m a t i c s ) , N C T M , 
R e s t o n , V A , 1991. 
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THE GEOMETRY OF REAL IMAGES 
by: Dr . R a y m o n d J. D a g e n a i s 
Illinois Mathematics and Science Academy 
M a t h e m a t i c a l m o d e l i n g is a useful t e c h n i q u e for d e s c r i b i n g p h e n o m e n a or p r e d i c t i n g 
resu l t s . S u c h t e c h n i q u e s can b e e m p l o y e d in t he s t u d y of real image f o r m a t i o n b y 
c o n c a v e m i r r o r s . U s i n g s o m e f u n d a m e n t a l g e o m e t r i c concep t s a n d t a k i n g i n to 
a c c o u n t t he p h y s i c a l p r o p e r t i e s of t he m i r r o r it is pos s ib l e to m o d e l the p r o d u c t i o n of 
a real image a n d m a k e s o m e p r e d i c t i o n s a b o u t t he i m a g e tha t is f o r m e d . 
In the d i a g r a m b e l o w , AB r e p r e s e n t s a n object s t a t i oned at a d i s t ance d G i n front of a 
c o n c a v e m i r r o r w h o s e sur face is r e p r e s e n t e d b y the c u r v e RMS. A'B' is t h e real image 
of object AB, t ha t is, it is t he loca t ion w h e r e l ight r a y s f rom the object ref lected f rom 
the m i r r o r c o n v e r g e . (A v i r t u a l i m a g e is t he loca t ion w h e r e l ight r a y s c o m i n g f rom 
the object a p p e a r to c o n v e r g e "beh ind" t he mi r ror . ) In t he s i t ua t ion p i c t u r e d , t he 
i m a g e is loca ted o u t s i d e of C, w h i c h is the cen te r of c u r v a t u r e of t he m i r r o r a t a d i s t ance 
dj f rom the m i r r o r ' s surface. I nc iden t l ight r a y s c o m i n g f rom the object t h a t a r e para l le l 
to t he p r i n c i p a l axis M C wi l l reflect off t he mi r ro r ' s sur face s u c h tha t t hey wi l l a l w a y s 
p a s s t h r o u g h the focal po in t , F. Inc iden t l ight r a y s c o m i n g off t he object tha t p a s s 
t h r o u g h F wi l l reflect b a c k para l l e l to t he p r i nc ipa l axis. 
The l a w of ref lect ion tha t is i m p o r t a n t in this d i s cuss ion s ta tes tha t t he ang l e of 
i nc idence of a n i n c o m i n g l ight r a y is e q u a l to t he ang l e of ref lect ion of a n o u t g o i n g 
l ight ray . T h e a n g l e of inc idence is def ined to b e the ang le b e t w e e n the i n c o m i n g 
l ight r a y a n d the n o r m a l (or p e r p e n d i c u l a r ) to t he surface a t t ha t po in t . T h e a n g l e 
of ref lect ion is t he ang l e b e t w e e n the reflected l ight r a y a n d the n o r m a l . 
v A ' 
B ' 
c I T " " — - - . _ i 
-?A^ - * - " 
T h e fo l l owing def in i t ions h e l p to p r e d i c t s o m e i m p o r t a n t charac te r i s t i cs of the 
real image. 
M F = f MB = d 0 MB' = di 
I n s p h e r i c a l l y s h a p e d c o n c a v e m i r r o r s M F = [ r I M C . 
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U s i n g the d i a g r a m , it c an b e s h o w n that : 
A A B M ~ A A 'B 'M 
[Draw in s e g m e n t s A M a n d A 'M. m Z A B M = m Z A ' B ' M = 90° a n d the m e a s u r e of 
i nc iden t Z A M B equa l s the m e a s u r e of reflection Z A ' M B . ] 
A R M F ~ A ABF 
[Draw in s e g m e n t RM. m Z A B M = m Z R M F = 90° a n d ZBFA « Z R F M b e c a u s e t h e y 
are ver t ical angles . ] 
E m p l o y i n g the p r o p e r t i e s of s imi la r t r iangles : 
AB MB , AB _ BF 
A'B' ~ MB' a n d RM _ MF' 
Since A 'R is pa ra l l e l to B'M, R M = A'B', 
A n d it is clear tha t BF - BM - MF. 
P u t t i n g th is all t oge the r 
w e find: 
AB d^, A B^ AB BF (BM - MF) (dQ - f) 
A'B' =: dj a n d A'B' "" RM ~ MF ~ MF f 
So, 
do ( d 0 - f ) 
fd. 
di ~ f 
di = ( d o - 0 
This e q u a t i o n desc r ibes t he i m a g e d i s tance , di , in t e r m s of the object d i s t ance , d D , a n d 
the focal l eng th , f, of t he mi r ro r . It m o d e l s a n i m p o r t a n t p h y s i c a l resu l t . 
A n in t e r e s t i ng case to cons ide r is t he l imit of t he i m a g e d i s t ance as the object d i s t ance 
a p p r o a c h e s M C , tha t is as d 0 a p p r o a c h e s 2f. 
W h a t is t he l im d; ? 
d 0 ^ 2 f 
W h a t d o e s this l imi t say a b o u t t he loca t ion of t he i m a g e ? 
Us ing s imi lar t r i ang les s h o w h o w the h e i g h t of t he i m a g e c o m p a r e s to t he h e i g h t of the 
object as d 0 - > M C . 
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The p h o t o g r a p h s t ha t fo l low s h o w the object ( inver ted l ight b u l b i n s ide the box) a n d 
the rea l i m a g e ( u p r i g h t "l ight b u l b " o n top of t he box) . The l imit ca lcu la t ions correct ly 
p r e d i c t t he p o s i t i o n a n d the h e i g h t of the i m a g e f o r m e d b y the c o n c a v e m i r r o r for the 
case w h e r e the object is loca ted at C. £n 
WHAT'S W R O N G WITH T H I S PROOF? 
by: S u s a n K. E d d i n s 
Illinois Mathematics and Science Academy 
If a = b = 1, 
2 = 1 
t h e n a 2 = a » b 
a 2 - b 2 = a - b - b 2 
(a + b ) ( a - b ) = b ( a - b ) 
S o a + b 
1 + 1 
(SURPRISE!) £D 
= b 
= 1 
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S O M E EXPLORATIONS W I T H 
E V E N A N D O D D F U N C T I O N S 
by: C h a r l e s L. H a m b e r g 
Illinois Mathematics and Science Academy 
M a t h e m a t i c s t e x t b o o k s of ten i n c l u d e a br ief d i s c u s s i o n of o d d a n d e v e n 
func t ions , p a r t i c u l a r l y as t h e y r e l a t e to s y m m e t r i e s of g r a p h s a b o u t t h e x-ax is a n d t h e 
o r ig in . In t h i s a r t ic le w e sha l l c o n s i d e r s e v e r a l exerc i ses w h i c h d e a l w i t h o d d a n d 
e v e n f u n c t i o n s n o t o n l y w i t h r e g a r d to the i r g r a p h s b u t a l so b y a s k i n g s t u d e n t s to 
ca re fu l ly u s e d e f i n i t i o n s , f o r m con jec tu res , g ive c o n v i n c i n g c o u n t e r e x a m p l e s , o r 
v a l i d a t e t h e i r c o n c l u s i o n s . In o u r w o r k w e wi l l l imi t o u r d i s c u s s i o n to o d d a n d 
e v e n f u n c t i o n s of x. 
Exerc i ses 
D e f i n i t i o n : A f u n c t i o n f is e v e n if f(x) = f(-x) for all v a l u e s of x 
in t h e d o m a i n of f. 
1. E x p l a i n w h y t h e f o l l o w i n g f u n c t i o n s a r e e v e n func t ions : 
(a) f(x) = | x | (b) g(x) = cos x 
(c) h(x) = 2 x + 2" x (d) j(x) = { ^ 3 
(e) k(x) = 6 (f) l(x) = x 4 - x 2 + 3 
2. E x p l a i n w h y a f u n c t i o n f is e v e n if f(x) - f(-x) = 0 for all v a l u e s of x in t h e 
d o m a i n of f. 
3. E x p l a i n w h y f(x) = x 2 is n o t a n e v e n func t ion for x e [-2,4] . 
x
4
- x
2
 + 6 
4. E x p l a i n w h y f(x) = ~,—3^7—TTT is n o t a n e v e n func t i on . 
D e f i n i t i o n : A func t ion f is a n o d d func t ion if f(x) = - f ( - x ) for all 
v a l u e s of x in t h e d o m a i n of f. A l t e r n a t i v e l y , 
if f(x) + f(-x) = 0 for all v a l u e s of x in t h e d o m a i n of f. 
5. D e s c r i b e w h i c h of t h e f o l l o w i n g f u n c t i o n s a r e e v e n func t i ons , w h i c h a r e o d d 
f u n c t i o n s a n d w h i c h a r e n e i t h e r . 
(a) f(x) = x 3 (b) g(x) = l o g | x | c) h ( x ) = 2 x - 2 " x 
(d) j(x) = r " t 3 (e) k ( x ) = x 7 - x 3 + x f) l ( x ) = ( x + 3) 2 
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x(x - 2)(x + 2) 
6. E x p l a i n w h y y = —,—TTv—^7T) *s a n ° ^ func t ion . 
7. In t h e s t u d y of c a l c u l u s , w e wi l l see tha t , 
, x
2
 x
4
 H ) n + 1 x 2 " - 2 . „ 
cos x = 1 - 27 + T\ - • • • + — ( 2 n - 2 V — + • • • for all x 
x
3
 x
5
 ( - l ) n + 1 x 2 n _ 1 
a n d s in x= x-^j + ^ - .. . + — j ~ — Z 7 T \ \ — + • • • • U s i n g t h e s e 
e x p r e s s i o n s , e x p l a i n w h y cos x is e v e n a n d s in x is o d d . 
S o m e F u r t h e r Exe rc i s e s 
1. E x p l a i n w h y t h e s u m of t w o e v e n f u n c t i o n s is a n e v e n f u n c t i o n a n d t h e s u m 
of t w o o d d fuc t ions is a n o d d func t ion . 
2. (a) G i v e n a n e x a m p l e to s h o w t h a t t h e s u m of 2 e v e n f u n c t i o n s c a n b e b o t h 
e v e n a n d o d d . 
(b) G i v e a n e x a m p l e to s h o w t h a t t h e s u m of 2 o d d f u n c t i o n s c a n b e b o t h 
e v e n a n d o d d . 
3. E x p l a i n w h y t h e p r o d u c t of t w o o d d f u n c t i o n s w i l l a l w a y s b e a n e v e n 
f u n c t i o n . 
4. (a) (a , f (a)) , a * 0, is o n t h e g r a p h of e v e n func t i on y = f(x). W h a t o t h e r 
p o i n t is g u a r a n t e e d to b e o n t h e g r a p h ? 
(b) (a ,g (a ) ) , a * 0, is o n t he g r a p h of o d d func t i on y = g(x). W h a t 2 p o i n t s 
a r e g u a r a n t e e d to b e in t h e g r a p h ? 
5. E x p l a i n h o w it is p o s s i b l e for a n inf in i te n u m b e r of f u n c t i o n s to b e b o t h o d d 
a n d e v e n . 
6. G i v e a n e x a m p l e to s h o w t h a t t h e s u m of 2 n o n - o d d f u n c t i o n s c a n b e o d d . 
7. C lass i fy e a c h of t h e six t r i g o n o m e t r y f u n c t i o n s a s b e i n g e i t h e r " o d d " or "even". 
8. E x p l a i n w h y y = log x is e v e n b u t y = 2 log x is no t . 
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9. Class i fy e a c h of t h e s e p r i n c i p a l - v a l u e d i n v e r s e t r i g o n o m e t r i c f u n c t i o n s a s 
" o d d " , "even" , o r "ne i the r" , o r "bo th" 
(a) y = s in x (b) y = cos x (c) y = t a n x 
10. W r i t e de f in i t i ons so t h a t o n e c a n d e t e r m i n e if f°g is a n e v e n o r o d d func t ion . 
11. Le t f b e a n e v e n func t ion a n d g b e a n o d d func t ion . Class i fy as " o d d " o r 
" e v e n " . 
(a) fof (c) fog 
(b) gog (d) gof 
12. 
^ x 
G i v e n : f is a n e v e n f u n c t i o n . 
C o m p l e t e t h e g r a p h . 
13. A t y 
v \l/-
^ x 
G i v e n : f is a n o d d func t ion . 
C o m p l e t e t h e g r a p h . 
14. W h a t r e s t r i c t i ons o n t h e d o m a i n of f w o u l d e n a b l e f(x) = x - 4x to b e a n 
e v e n f u n c t i o n ? t& 
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C O N N E C T I O N S I N V O L V I N G LINEAR A N D Q U A D R A T I C F U N C T I O N S 
by : G e o r g e M i l a u a k a s a n d C h a r l e s L. H a m b e r g 
Illinois Mathematics and Science Academy 
T h e s t u d y of l i nea r a n d q u a d r a t i c func t ions t r a d i t i o n a l l y o c c u p i e s a s ign i f i can t 
a m o u n t of t h e e l e m e n t a r y a n d i n t e r m e d i a t e a l g e b r a c u r r i c u l a . A s m a t h e m a t i c s 
i n s t r u c t o r s , w e of ten l imi t o u r s t u d e n t s ' c o n t a c t w i t h t h e s e c o n c e p t s b y r e s t r i c t i n g 
o u r s e l v e s to t r a d i t i o n a l p r o b l e m s a n d exerc i ses . H e r e w e offer s e v e r a l t y p e s of 
p r o b l e m s w h i c h r e l a t e to l i nea r a n d q u a d r a t i c func t ions . It is h o p e d t h a t t h e s e 
e x a m p l e s w i l l s p u r t h e r e a d e r s to c o n t e m p l a t e , c o n s i d e r , a n d i n c o r p o r a t e s i m i l a r 
t y p e s of c o n n e c t i o n s a n d e x t e n s i o n s i n to t he i r c lasses . 
1) D e t e r m i n e t h e r a n g e of t h e func t i on f(x) = 25 - x as - 3 < x <4. 
2) T h e m o t i o n a n d p a t h of a pa r t i c l e is d e t e r m i n e d b y x(t) = t a n d y(t) = 5 - t . 
( N o w t h a t t h e g r a p h i n g c a l c u l a t o r is ava i l ab l e , w o r k i n g w i t h p a r a m e t r i c 
e q u a t i o n s b e c o m e s access ib le e v e n to b e g i n n i n g a l g e b r a s t u d e n t s . ) 
(a) R e p r e s e n t t h e m o t i o n a n d p a t h of t h e p a r t i c l e in t h e c o o r d i n a t e p l a n e 
for - 2 < t < 5 . 
(b) Is t h i s g r a p h a p i e c e of a l i nea r o r q u a d r a t i c func t ion? Just i fy y o u r a n s w e r . 
(c) D e t e r m i n e t h e d i s t a n c e t r a v e l e d b y t h e p a r t i c l e in p a r t (a). 
(d) If t c a n t a k e o n any r e a l v a l u e , d r a w t h e r e s u l t i n g g r a p h ? 
6 
3) For x > 0, let P(x) = 1 + - . F i n d t h e v a l u e of t h e c o n t i n u e d f rac t ion 
r e p r e s e n t e d b y PoPoPoPo...(x). R e m e m b e r , x > 0 so P(x) > 0. 
H in t : PoPoPoPo...(x) = 1 +_6 
1 + 6 
1 + 6 
1 + 6 
4) Let f(x) = x 2 - 5x - 14. 
(a) D e t e r m i n e all x - v a l u e s so t h a t f(x) = 0. 
(b) U s e y o u r r e s u l t s f rom p a r t (a) to d e t e r m i n e all x - v a l u e s so t h a t f(2x - 6) = 0. 
[ R e m e m b e r w e c o u l d let u = 2x - 6 a n d p a r t (a) g i v e s u s t h e v a l u e of u w h e n 
f(u) = 0.] 
(c) D r a w t h e g r a p h s of y = f(x) a n d y = f(2x - 6) o n t h e s a m e se t of axes . 
T h i n k a b o u t h o w t h e g e o m e t r i c t r a n s f o r m a t i o n s of t h e g r a p h s r e l a t e to 
t h e a l g e b r a i c t r a n f o r m a t i o n s p e r f o r m e d in p a r t (b). 
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5) 
6) 
3x + 2 
(a) W h a t r e s t r i c t i o n s n e e d to b e 
p l a c e d o n x so t h a t t h i s r e c t a n g l e 
6 _
 x ex i s t s? 
(b) W r i t e a f u n c t i o n y = A(x) w h i c h 
d e s c r i b e s t h e a r e a of t h e r e c t a n g l e 
s h o w n . 
(c) F i n d all v a l u e s of x s o t h a t 
A(x) = 2A(2). W r i t e a s e n t e n c e 
w h i c h g i v e s a n i n t e r p r e t a t i o n to 
t h i s e q u a t i o n . 
9 0 /• 
D r a w t h e g r a p h s for f(x) = x + 3 a n d g(x) = - x + 4x - 5 o n t h e s a m e set of 
axes . Def ine y = d(x) to b e t h e ver t ica l d i s t a n c e b e t w e e n f a n d g for e a c h x. 
D e t e r m i n e t h e v a l u e of x so t h a t t h e f u n c t i o n d is m i n i m i z e d . 
7) Let g(x,y) = 3x - 2y - 17. D e t e r m i n e t h e a r ea of t h e t r i a n g l e f o r m e d b y t h e 
l ines x = 0, y = 0 a n d g(x + 3, y - 1) = 0. 
8) Let g(x,y,r) = x 2 + y 2 - r 2 . D e t e r m i n e t h e a r ea of t h e r e g i o n d e s c r i b e d b y 
g ( x - 2 , y + 3 , 7 ) < 1 4 . 
9) D e t e r m i n e all x v a l u e s w h e r e : k(x) = x - x - 2 a n d k (k(x) ) = 0. 
10) T h e r a d i i of t h e 3 c o n c e n t r i c c i rc les 
s h o w n a re x, x + 2, a n d x + 4. 
D r a w t h e g r a p h of all p o i n t s (x ,A(x)) 
w h e r e A(x) is t h e s h a d e d a r ea s h o w n . 
11) T h e r ad i i of t h e 4 c o n c e n t r i c c i rc les 
s h o w n a re x, x + 2, x + 4, a n d x + 6. 
D r a w t h e g r a p h of all p o i n t s (x, A(x)) 
w h e r e A(x) is t h e s h a d e d a r ea s h o w n . £D 
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C O N T I N U E D FRACTIONS A N D C O M P O S I T I O N F U N C T I O N S 
by: Ben Chelf, Class of 1996 
Illinois Mathematics and Science Academy 
In p r o b l e m 3 f rom "Connec t i ons I n v o l v i n g L inea r a n d Q u a d r a t i c Func t ions" , w e 
a d d r e s s e d the idea of a c o n t i n u e d fract ion g e n e r a t e d b y the funct ion: f(x) = 1 + —, for 
x 
x > 0. Th i s t y p e of p r o b l e m is a lmos t a l w a y s p r e s e n t e d w i t h its res t r ic t ion (x > 0), b u t w e 
m i g h t ra i se t h e q u e s t i o n 
W h y m u s t x b e g rea t e r t h a n 0? 
If w e let f(x) = 1 + — , w e qu ick ly see tha t t he p r o b l e m w e ini t ia l ly dea l t w i t h c a n b e 
x 
exp re s sed as l i m f ^ ( x ) w h e r e , 
n—>™ 
f H ( x ) = (fofof...of)(x). 
H o w e v e r , w e m i g h t w a n t to cons ide r w h a t h a p p e n s w h e n n d o e s not g o to 
in f in i ty . 
L e t n = 3
 fm^\-^ 6 _13x + 42 f[3l(x) = l + 
1 ,
 6
 7x + 6 
1 + 6 
T h e d o m a i n of th i s func t ion i n c l u d e s all r ea l n u m b e r s excep t for t h o s e w h i c h 
c a u s e a 0 in a d e n o m i n a t o r a t any p o i n t in t he c o m p o s i t i o n For f'3 ' , t hese res t r i c t ions 
are: 
x=0, - 6 , a n d (Can y o u f igure o u t w h y ? ) 
O n c e the func t ion f'3' h a s b e e n s impl i f ied , it a p p e a r e d as if w e o n l y n e e d to restr ic t x 
f rom t a k i n g o n t h e v a l u e — . H o w e v e r , as w e increase the v a l u e of n w e w o u l d b e 
7 
u n a b l e to s impl i fy t h e fract ion if any d e n o m i n a t o r in t he en t i r e f rac t ion t akes o n a 
z e r o v a l u e . 
N o w w e h a v e s h o w n tha t for n=3, o u r func t ion is we l l de f ined w i t h a specific 
d o m a i n a n d th is w o u l d b e t r u e for a n y finite v a l u e of n. H o w e v e r , w h e n w e ex t end 
the p r o b l e m to c rea te a c o n t i n u e d fraction, w e r u n in to a p r o b l e m . A s n goes to infinity, 
x l i tera l ly d i s a p p e a r s . W i t h a n infinite n u m b e r of c o m p o s i t i o n s , w e w r i t e f 'n ' (x) as the 
c o n t i n u e d f ract ion 1 + w i t h o u t a n y m e n t i o n of x! W h e n s impl i fy ing this 
1 + -
i + 6 
1+... 
c o n t i n u e d fract ion, w e u s e a s i m p l e s u b s t i t u t i o n to find its va lue : 
L e t y = i + b— 
1 6 
1 +
 JT 
l 6 1+. 
, 6 
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Solv ing this w e see tha t 
( y - 3 ) ( y + 2) = 0 
It w o u l d s e e m tha t the re a re t w o so lu t ions y = 3 a n d y = - 2 . 
Look b a c k a t the c o n t i n u e d fraction, n o n e g a t i v e s a p p e a r n o r d o a n y m i n u s s igns . 
O b v i o u s l y , y wi l l not h a v e a n e g a t i v e va lue . H o w e v e r , w i t h o u r funct ion , x c a n still b e 
n e g a t i v e t h u s pos s ib ly c a u s i n g the infini te c o n t i n u e d fract ion to b e n e g a t i v e . 
In tu i t ive ly , th is is a b s u r d , b u t ye t it is s o m e t h i n g tha t m u s t b e c o n s i d e r e d . F r o m o u r 
case of n=3 , w e see tha t w e h a v e 3 res t r ic t ions o n x. A s n goes to infinity, so d o e s t he 
n u m b e r of res t r ic t ions o n x. It can b e s h o w n tha t in eve ry case the res t r ic t ions o n x a re 
n e g a t i v e r a t i ona l n u m b e r s . A l t h o u g h w e h a v e a n infini te n u m b e r of n e g a t i v e 
ra t iona l s , w e c a n n o t a s s u m e tha t these a r e all t he n e g a t i v e ra t iona ls . A n d w e a r e still 
left w i t h all the n e g a t i v e i r ra t iona l s as poss ib le v a l u e s of x. 
W h a t is t he p r o b l e m ? The p r o b l e m is in t he w a y w e d e c i d e d to so lve t he l imi t as 
n w e n t to infini ty. W e a rb i t r a r i ly "ass igned" the c o n t i n u e d fract ion w i t h o u t r ea l i z ing 
w h a t it w o u l d d o to t he p r o b l e m . By i n t r o d u c i n g the c o n t i n u e d fract ion, w e h a v e 
au toma t i ca l l y res t r i c ted x to b e pos i t ive jus t b y t he n a t u r e of the fraction. A l t h o u g h 
n e g a t i v e v a l u e s c a n occur in the funct ion, in the c o n t i n u e d fract ion, t h e y canno t . 
Since o u r c o n t i n u e d fract ion d o e s n o t a l low for n e g a t i v e v a l u e s of x, w e m u s t b e 
c a u t i o u s w h e n d e a l i n g w i t h a n e g a t i v e so lu t ion . W h e n w e so lved the q u a d r a t i c , w e g o t 
t w o v a l u e s for t he fraction, w h i c h is silly for t he fraction, b u t m a k e s s ense for t he 
funct ion. For a n y x in t he d o m a i n of f the l imit wi l l b e e q u a l to 3, excep t for -2. For 
x=-2, f ^ ( x ) = - 2 b e c a u s e t he c o m p o s i t i o n ge ts "stuck." A l t h o u g h the c o n t i n u e d 
fract ions i g n o r e d n e g a t i v e v a l u e s of x, it still h e l p e d u s to see h o w t h e func t ion w o u l d 
b e h a v e ove r all of the reals . ^ 
"IT'S REALLY VERY SIMPLE" 
by: Sue E d d i n s a n d K i m E d d i n s 
Illinois Mathematics and Science Academy 
and Batavia High Shool 
" D o y o u n e e d a n y h e l p w i t h impl ic i t d i f ferent ia t ion ," I a s k e d m y d a u g h t e r , Kim. 
" N o t h a n k s , M o m , i t ' s rea l ly p r e t t y s imple . The p r o b l e m asks y o u to f ind four th ings , 
they g ive y o u th ree , y o u jus t h a v e to look t h r o u g h the p r o b l e m un t i l y o u f ind t h e m , 
t h e n y o u so lve for t he fou r th . " 
K i m h a s s ince ampl i f i ed th is s i m p l e little s t a t e m e n t t ha t s e e m s to s u m u p a b o u t 
half of t he m a t h p r o b l e m s in t he h i g h school c u r r i c u l u m . She n o w k n o w s tha t 
s o m e t i m e s y o u n e e d n t h i n g s b u t t hey on ly g ive y o u n - 2 . T h e n y o u e i ther h a v e to 
look for t w o e q u a t i o n s to so lve or y o u first h a v e to t ake the de r iva t ive , set it e q u a l to 
zero, so lve a n d s u b s t i t u t e it b a c k un t i l y o u f ind all y o u n e e d . 
G u e s s it real ly is v e r y s i m p l e w h e n y o u look a t it l ike that! £n 
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T H E "JBTTMH" 
(The JB Tate T r i g o n o m e t r i c M n e m o n i c H e x a g o n ) 
by: Joe Ta te 
Illinois Mathematics and Science Academy 
L a b e l t h e v e r t i c e s of a r e g u l a r h e x a g o n in the f o l l o w i n g order w i t h t h e n a m e s of t h e 
s ix t r i g o n o m e t r i c f u n c t i o n s . T h e location of e a c h f u n c t i o n c a n b e u s e d to h e l p y o u 
r e m e m b e r m a n y t r i g o n o m e t r i c i d e n t i t i e s . 
sin(x) cos(x) 
tan(x) cot(x) 
sec(x) csc(x) 
sin(x) cos(x) 
tan(x) • cot(x) 
sec(x) csc(x) 
1 = + cos 
tan^x) 
sec (x) 
cot2(x) 
+ 
sin(x) 
tan(x) i 
sec(x) 
cos(x) 
cot(x) 
csc(x) 
1) Al l t h e m a i n d i a g o n a l s of t h i s h e x a g o n 
a r e c o n n e c t i n g r e c i p r o c a l f u n c t i o n s . 
1 
e
- g - s i n W = ^ e ( x ) ' etc 
2(a) T h e func t i on a t a n y v e r t e x is e q u a l t o 
t h e r a t io of t h e n e x t t w o c o n s e c u t i v e 
v e r t i c e s in e i t h e r d i r e c t i o n . 
cos(x) 
e . g . s m x = —77~T 6 v ;
 cot(x) 
sec(x) 
tan(x) = — r x v
 ' csc(x) 
. . . a n d th i s w o r k s in b o t h d i r e c t i o n s ! 
A n o t h e r w a y to d e s c r i b e t h i s r e l a t i o n s h i p is: 
2(b) T h e f u n c t i o n a t a n y v e r t e x is t h e 
p r o d u c t of t h e f u n c t i o n s o n e i t h e r 
s ide . e.g. sec(x) = tan(x) • csc(x). 
3) T h e f ami l i a r : 
s in 2 (x ) + cos 2 (x) = 1 
1 + t an 2 (x ) = sec 2 (x) 
1 + cot 2 (x) = csc2(x) 
c a n a l so b e f o u n d . 
4) P a t t e r n s c a n a l so b e f o u n d for t h e 
derivatives of t h e t r i g o n o m e t r i c 
func t ions . S k e t c h in a v e r t i c a l l ine 
s e p a r a t i n g t h e h e x a g o n i n t o a left 
(pos i t ive ) s i d e a n d a r i g h t (nega t ive ) 
s ide . T h e d e r i v a t i v e of a n y func t i on 
o n t h e left w i l l b e p o s i t i v e a n d t h e 
d e r i v a t i v e of a n y f u n c t i o n o n t h e r i g h t 
w i l l b e n e g a t i v e . T h a t is, t h e s i g n of 
t h e d e r i v a t i v e s a c h i e v e d u s i n g t h e f u n c t i o n s o n t h e left w i l l n o t c h a n g e . O n t h e 
r i g h t t h e r e is a s i g n c h a n g e i m p l i e d b y t h e n e g a t i v e in t h e f o r m u l a . 
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-sin(x) dx 
d(sin(x)) 
tan(x)sec(x) dx 
I I 
d(sec(x)) 
d(tan(x)) 
I I 
sec (x) dx 
- d(cos(x)) 
= cos(x) dx 
d(cot(x)) 
I , -csc(x)cot(x) dx 
-esc 2(x) dx 
I I 
d(csc(x)) 
e .g. T h e d e r i v a t i v e s of t h e 
s in(x) a n d t h e cos(x) a r e 
a c r o s s f r o m o n e a n o t h e r . 
T h e d e r i v a t i v e s of t an (x ) 
a n d cot(x) a r e " d o w n " a n d 
s q u a r e d . T h e d e r i v a t i v e s of 
sec(x) a n d csc(x) " b o u n c e " 
o n sec(x) a n d csc(x) b a c k u p 
to t an(x) a n d cot(x). 
tanh(x) 
sech(x) 
cosh(x) 
coth(x) 
csch(x) 
5) Th i s c a n b e e x t e n d e d to t h e 
h y p e r b o l i c t r i g o n o m e t r i c f u n c t i o n s . 
a) T h e d i a g o n a l s a r e r ec ip roca l s . 
b) T h e f u n c t i o n a t a n y v e r t e x is 
t h e p r o d u c t of t h o s e f u n c t i o n s 
o n e i t h e r s ide . 
2 2 
1 = -sinh (x)+ cosh (x) = \ 
tanh2(x) 
I 
sech (x) 
coth2(x) 
csch (x) 
c) cosh 2 (x ) - s inh 2 (x ) = 1 
1 - t a n h 2 ( x ) = sech 2 (x ) 
1 - co th 2 (x ) = csch 2 (x) 
tanh(x) 
sinh(x) cosh(x) 
coth(x) 
sech(x) csch(x) 
d) The i r d e r i v a t i v e s a l so a p p e a r , b u t 
t h e l ine s e p a r a t i n g t h e h e x a g o n 
i n t o p o s i t i v e a n d n e g a t i v e h a l v e s 
is a t a n ang le . 
d (s inh(x) ) = cosh(x) d x 
d(cosh(x)) = s inh(x) d x 
d(coth(x)) = csch 2 (x) d x 
d ( t anh(x ) ) = - s e c h 2 ( x ) d x 
d(sech(x)) = - s e c h ( x ) t a n h ( x ) d x 
d(csch(x)) = - c sch (x )co th (x ) d x 
If y o u f ind m o r e r e l a t i o n s h i p s , p l e a s e feel free to s h a r e t h e m w i t h u s a l o n g w i t h 
y o u r c o m m e n t s o n t h e I M S A M a t h J o u r n a l . W e w e l c o m e y o u r r e s p o n s e s . (For 
fu r t he r d e t a i l s p l e a s e refer to t h e b a c k s i d e of t h e f ront c o v e r for t h e m a i l i n g 
a d d r e s s . ) J& 
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THREE SPATIAL P Y T H A G O R E A N T H E O R E M S 
by: Dr . G r e g o r y G a l p e r i n 
Eastern Illinois University 
T h e a i m of th i s ar t ic le is to desc r ibe three d i s t inc t P y t h a g o r e a n T h e o r e m s t h a t h o l d in 
t h r ee d i m e n s i o n a l space . I call t h e m PT1, PT2, a n d PT3, w h e r e P T is t he s t a n d a r d (p lane) 
P y t h a g o r e a n T h e o r e m . In o r d e r to be t t e r u n d e r s t a n d t h e spa t i a l p y t h a g o r e a n t h e o r e m s , 
let u s first r ev i s i t t h e p l a n e P y t h a g o r e a n T h e o r e m . 
• T h e P l a n e P y t h a g o r e a n T h e o r e m (PT) can b e f o r m u l a t e d in t h r e e d i f ferent w a y s . 
E a c h of t he se t h r ee w a y s r e su l t s in t he famil iar e q u a t i o n , c 2 = a 2 + b 2 . 
(i) T h e s q u a r e of t he h y p o t e n u s e of a r i gh t t r i ang le e q u a l s t he s u m of t he s q u a r e s of the 
legs, 
(ii) T h e s q u a r e of t he d i a g o n a l of a r ec t ang l e e q u a l s t he s u m of t h e s q u a r e s of t he s ides , 
(iii) T h e s q u a r e of t he l e n g t h of a s e g m e n t e q u a l s t h e s u m of t he s q u a r e s of t he s e g m e n t ' s 
o r t h o g o n a l p ro j ec t ions o n t o a n y t w o m u t u a l l y p e r p e n d i c u l a r l ines, (x a n d y in t he 
t h i r d f igure) 
D e n o t e b y a a n d [3 t he ang le s t ha t a s e g m e n t , c, in the p l a n e m a k e s w i t h the 
p e r p e n d i c u l a r l ines , x a n d y. T h e cos ines of these ang l e s a r e ca l led t he direction 
cosines of s e g m e n t c. A v e r y s i m p l e b u t i m p o r t a n t c o n s e q u e n c e of P T is: 
• D i r e c t i o n C o s i n e s C o r o l l a r y 
T h e s u m of t h e s q u a r e s of t he d i rec t ion cos ines e q u a l s 1: 2 2 
cos a + cos [3 = 1 
[This is easily justified by considering that the projection of c onto the line x is: b = c cos a or 
b a 
- = cos a and the projection of c onto the line y is: a = c cos (3 or — = cos (3. Thus, you might recognize 
a v 
c 
2 + b2 a^ - + 
= 1] a fundamental formula of trigonometry, cos a + cos (3 = I I 
• T h e Firs t Spa t i a l P y t h a g o r e a n T h e o r e m (PT1) 
(i) T h e s q u a r e of t he d i a g o n a l of a r e c t a n g u l a r b o x e q u a l s 
t he s u m of t he s q u a r e s of its t h r e e p e r p e n d i c u l a r edges . 
d 2 = a 2 + b 2 + c 2 
(ii) T h e s q u a r e of t he l e n g t h of a s e g m e n t in s p a c e e q u a l s 
t he s u m of t he s q u a r e s of its p ro jec t ions o n t o t h r ee 
m u t u a l l y p e r p e n d i c u l a r l ines, X, Y, a n d Z. 
[Place the x-y-z-axes along the lines X, Y and Z, with one endpoint of the segment, d, to be at the origin. 
The segment is the diagonal of the box and the projections of the segment are now the edges of the box: 
d 2 = e2 + c2 = (a2 + b2) + c2 ] 
r ^ l M S A 
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Spa t ia l D i r ec t i on C o s i n e s Coro l l a ry 
The s u m of t he s q u a r e s of the d i r ec t ion 
cos ines is a l w a y s 1 a n d is i n d e p e n d e n t of 
t he p o s i t i o n of t he s e g m e n t re la t ive to 
t he t h r e e m u t u a l l y p e r p e n d i c u l a r l ines: 
2 2 2 
cos a + cos P + cos y = 1 
(i) 
The S e c o n d Spa t i a l P y t h a g o r e a n T h e o r e m (PT2) 
Let u s project , o r t h o g o n a l l y , a s e g m e n t 
AB w i t h l e n g t h d o n t o t h r e e m u t u a l l y 
p e r p e n d i c u l a r p l a n e s ( w h i c h c a n b e 
c o n s i d e r e d to b e the xy, yz , a n d xz 
p lanes ) . D e n o t e t he l e n g t h s of t he 
pro jec t ions by : d-,, d 2 , a n d d 3 . [These a r e 
d i a g o n a l s of t he r e c t a n g u l a r b o x w e 
e n c o u n t e r e d ear l ie r ] 
y 
T h e s q u a r e of t he l e n g t h of a s e g m e n t in space is half t he s u m of t h e s q u a r e s of i ts 
2 1 / 2 2 2\ 
p ro jec t ions o n t o t h r e e m u t u a l l y p e r p e n d i c u l a r p l anes : d = - {d1 + d 2 + d 3 j 
[The proof of this theorem is based upon the fact that the projections of the segment AB onto the x, y, 
and z axes coincide with the projections of the segments d-,, d2, and d 3 onto the same axes. Denote 
these projections onto axes by a, b, and c. 
2 . 2 . 2 , 2 2 , From PT we have: a + b = d 1 
2 2 2 
and c + a = d 3 
2 2 2 2 2 2 2 2 2 2 2 
FromPTl: d = a +b +c . Therefore, d1 + d 2 + d 3 = 2-a + 2-b + 2-c = 2d . ] 
OProblem 1 T h e s u m of the surface a reas of t w o c u b e s is e q u a l to t he sur face a r ea of a 
t h i r d cube . W h i c h is g rea te r : the s u m of t he v o l u m e s of t he first t w o c u b e s 
or t he v o l u m e of the t h i r d c u b e ? 
OProblem 2 C o n s i d e r t he t h r ee p e r p e n d i c u l a r p ro jec t ions of a s e g m e n t of l e n g t h o n e 
o n t o t he x- y- a n d z-axes. O r i e n t t he s e g m e n t so t ha t t he l e n g t h , k, of i ts 
p ro jec t ion o n the x-axis is less t h a n or e q u a l to t he l e n g t h s of t he y a n d z 
p ro jec t ions . F i n d t h e m a x i m u m pos s ib l e v a l u e of k [ S u p p o s e t he s e g m e n t 
h a s o n e e n d at t he or ig in , for h o w m a n y p o s i t i o n s of t h e s e g m e n t in s p a c e 
wi l l k a t t a i n i ts m a x i m u m v a l u e ? ] 
2 2 2 
OProblem 3 (a) E v a l u a t e the s u m : s in a + s in (3 + s in y . 
1 1 1 
(b) Let a > [3 > y. P r o v e tha t cos a < - = , cos P < — (i.e., B > 45°) a n d cos y > -7= 
V3 V2 V3 
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OProb lem 4 If t he o r t h o g o n a l p ro jec t ions of a s e g m e n t o n t o t h e xy-, yz- , a n d x z - p l a n e s 
h a v e t h e s a m e l e n g t h , d o t h e o r t h o g o n a l p ro j ec t ions of t h e s a m e s e g m e n t 
o n t o t h e x-, y-, a n d z -axes h a v e t he s a m e l e n g t h ? 
• T h e T h i r d Spa t i a l P y t h a g o r e a n T h e o r e m (PT3) d e a l s w i t h t h e a rea , S, of a p l a n e 
f igure s i t u a t e d in space , a n d the a reas , S x , S2 , a n d S3 , of i ts p ro jec t ions o n t o t h r ee 
m u t u a l l y p e r p e n d i c u l a r p l a n e s . 
(i) T h e s q u a r e of t he a rea of a n a rb i t r a ry b o u n d e d p l a n e f igure in s p a c e e q u a l s t he s u m 
of t h e s q u a r e s of t he a r ea s of t he p ro jec t ions of the f igure o n t o t h r e e m u t u a l l y 
2 2 2 2 
p e r p e n d i c u l a r p l a n e s : S = S 1 + S 2 + S 3 . 
If w e c o n s i d e r t he r e s u l t for a t r iangle , t h e n the t h e o r e m wi l l e x t e n d to a n y p l a n e 
f igure s ince e v e r y p l a n e p o l y g o n is a u n i o n of t r i ang les . First , c o n s i d e r a l i t t le 
t h e o r e m ( l e m m a ) t h a t w e wi l l n e e d to p r o v e PT3. 
L e m m a : Let AABC b e loca ted in s p a c e in a 
p l a n e p . Let A A ' B ' C b e t he 
o r t h o g o n a l p ro j ec t ion of AABC o n t o 
a n o t h e r p l a n e , m, w h e r e t he a n g l e 
b e t w e e n p a n d m is a . T hen , 
A r e a ( A A ' B ' C ' ) = Area(AABC)-cos a 
It is enough to prove the statement only for a 
triangle with a side, AD, parallel to plane m. 
(If it does not have a side parallel to m, then 
the triangle could be split into two triangles, 
each of which has a side parallel to m. If the 
formula is proven for each triangular part, 
then it remains true for the whole triangle, 
too, since the sum of the areas of the projecting triangles times cos a equals the sum of the 
areas of the projected triangles.) 
The proof of the particular case when a side of the projecting triangle,ABD, is parallel to the plane m 
is clear when we shift AABD down to meet the plane and AA'B'D' along A'D', so AD = A'D'. Also, 
R'F-T 
height BH of AABD projects to height B'H of AA'B'D'. ^— = cos a, in right triangle BB'H. We 
can divide the two area expressions: 
1 1 
Area(AABD) = - AD-BH and Area(AA'B'D') = - ADB'H. 
Area(AA'B'D') _ BT1 
Area(AABD) ~ BH cos a, so that Area(AA'B'D') = Area(AABD)-cos a 
Lemma is proved! The lemma remains in force for any polygon which is the union of triangles. 
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[Now we can prove PT3. Use the coordinate planes, xy, yz and xz. Let the angles that plane p of the 
triangle makes with the coordinate planes be a, P, and y. According to the lemma, the areas of the 
projections of the triangle onto the coordinate planes are: S^  = S-cos a, S2 = S-cos [3, S3 = S-cos y, 
where S is the area of the triangle . Let us notice that the line L perpendicular to the plane p makes 
the same angles, with the coordinate axes as the triangle does with the coordinate planes. 
For example, the angle between plane p and the xy-plane is 
a, the line perpendicular to p is L , and the line perpendicular 
to the xy-plane is the z-axis; thus the angle between the line L 
and the z-axis is a, too. Likewise the angle between L and the 
x-, and y-axes are p and y, respectively. Thus, by the 
Spacial Direction Cosines Corollary: 
2 cos a 2 2 
cos P + cos y = 1 
thus, 
Si +S, +Sq 2 2 2 2 S (cos a + cos p + cos y) 
so that 
S = S^  + S2 + S3 and we are finished.] 
OProblem 5. (a) C o n s i d e r a u n i t s q u a r e s i t ua t ed in space . Let S.., S2 , a n d S 3 b e t he 
p ro jec t ions o n t o t he yx-, yz-, a n d x z - c o o r d i n a t e p l a n e s . H o w s h o u l d 
t h e s q u a r e b e p o s i t i o n e d to m a x i m u z e S, + S 2 + S 3 ? W h a t is the 
m a x i m u m v a l u e ? 
(b) Solve t he s a m e p r o b l e m for a r e g u l a r h e x a g o n a n d for a circle. C a n 
y o u gene ra l i z e y o u r r e su l t s to a n y p l a n e f igure? 
(c) Project a u n i t c u b e o n t o t he xy -p lane . k e e p in m i n d t h a t d i f ferent 
faces wi l l m a k e different ang l e s w i t h the p l a n e , a n d s o m e faces wi l l be 
b e h i n d o t h e r s a n d n o t cas t a n y s h a d o w . W h a t is t h e m a x i m u m 
pos s ib l e a rea of t he pro jec t ion? 
(d) If t he p ro jec t ions of the c u b e o n t o all t h r ee c o o r d i n a t e p l a n e s h a v e t he 
s a m e a rea , S, w h a t pos s ib l e v a l u e s can S h a v e ? 
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VARIABLE ECCENTRICITIES 
by: C h a r l e s L. H a m b e r g a n d S u s a n K. E d d i n s 
Illinois Mathematics and Science Academy 
O n e a p p r o a c h u s e d in de f in ing a n d d e t e r m i n i n g a conic b e g i n s w i t h t w o s i m p l e 
g e o m e t r i c objects: a fixed l ine ca l led a directrix, a n d a fixed p o i n t ca l l ed a focus. 
d 
\ 
d 
D 
S u p p o s e t ha t w e a r e g iven , a fixed l ine, d , a n d 
a fixed po in t , F. W e c a n c o n s i d e r a conic to b e 
t he set ( locus) of all p o i n t s , P , o n t h e p l a n e 
w h e r e t he ra t io of i ts d i s t a n c e f rom the p o i n t F 
(PF) a n d its d i s t ance f rom t h e L ine d (PD) is a 
c o n s t a n t . 
FP 
Tha t is, j^5p = e w h e r e e is a c o n s t a n t cal led 
t h e eccentricity of t h e conic . 
If w e fix e to b e e q u a l to 1, w e h a v e a 
p a r a b o l a . 
FPj F P 2 F P 3 F P 4 
T h u s , if p r~) = p p) = p D ~ p D 
1 1 u 1 i 2 L ^ 2 i 3u3 i 4 i ^ 4 
t h e n P , , P 2 , P 3 , a n d P . a r e p o i n t s o n a 
p a r a b o l a . 
= 1 , 
W e c a n c h a n g e o u r conic b y c h a n g i n g the fixed v a l u e of t he eccentr ic i ty . If 
t h e v a l u e of t h e r a t io s is fixed as b e i n g less t h a n 1 t h e p o i n t s lie o n a n el l ipse. 
If t he v a l u e of e is fixed as b e i n g g rea te r t h a n 1 t he p o i n t s lie o n a h y p e r b o l a . 
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W e n o t e t ha t in all p r e v i o u s e x a m p l e s t he ra t io e is f ixed; a c o n s t a n t func t ion . 
S u p p o s e w e w e r e to let the v a l u e of e v a r y a c c o r d i n g to s o m e e q u a t i o n ; i.e. b e c o m e a 
func t ion of x. W h a t t y p e s of c u r v e s m i g h t be p r o d u c e d ? This q u e s t i o n w a s first p o s e d 
b y a s t u d e n t , M a r k M o o d y , at A d l a i E. S t e v e n s o n H i g h School , i n t he Fall of 1969. 
W i t h t he ava i lab i l i ty of t he g r a p h i n g ca lcu la to r h i s q u e s t i o n is m o r e a p p r o a c h a b l e 
t o d a y t h a n it w a s then . 
Let u s cons ide r s o m e specific example s . In each Let x = 0 b e a d i rec t r ix a n d let F(6,0) 
b e the focus. 
E x a m p l e #1: 
D(0,y) P(x,y) 
F~(6,0) 
1. A g r a p h i n g ca lcu la to r s h o w s th is 
g r a p h of the r e l a t ion for x > 0. For 
w h a t d o m a i n is th i s r e l a t i on de f ined? 
2. W h a t is t h e r a n g e ? 
3. W h a t s h a p e d o e s t h e c u r v e s e e m 
to a p p r o x i m a t e ? 
4. W h a t w o u l d t he g r a p h b e if t he 
res t r i c t ion x > 0 w e r e r e m o v e d ? 
S u p p o s e w e locate all p o i n t s P(x,y) so tha t , 
FP 
e(x) = x for all x > 0 t ha t is ^pr = x for x > 0. 
T h u s , w e h a v e 
FP 
PD 
AK> 6)2 + ( y - 0 ) 2 
= x 
S q u a r i n g a n d r e w r i t i n g g ives u s 
o r 
< -
y
2
 = x 4 _ ( x _ 6 ) 2 
y = ± V x 4 - ( x - 6 ) 2 
A 
V 
E x a m p l e #2: 
D(0,y) P(xy) 
Z F (6,0) 
FP N o w cons ide r e(x) = ™ = x for x > 0 
V ( x - 6 ) 2 + ( y - 0 ) 2 _ 2 
t hen , y2 = x6 - (x - 6)2 
a n d 
y ± V x 6 - ( x - 6 ) 2 
= X 
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C o m p a r e th i s g r a p h a n d its d o m a i n 
w i t h t h a t f o u n d in E x a m p l e #1. 
<r 
A\ 
v 
E x a m p l e #3: 
D(0,y) P(x,y) 
F (6,0) 
1. W h a t is t he d o m a i n for th i s r e l a t ion 
w h e n x > 0? 
N o w look careful ly a t w h a t h a p p e n s 
FP 1 
w h e n e(x) = p ^ = - . 
V ( x - 6 ) 2 + ( y - 0 ) z 1 
S q u a r i n g a n d s imp l i fy ing w e ge t 
y 2 = l - ( x - 6 ) 2 (a) 
y = ± V l - ( x - 6 ) z (b) 
As 
2. C o n s i d e r e q u a t i o n (a). W h a t r e l a t i on 
d o e s th i s e q u a t i o n desc r ibe? 
3. G r a p h t h e r e l a t i on w i t h e q u a t i o n (b) 
o n y o u r g r a p h i n g ca lcu la to r u s i n g a <^-
3 < x < 9 
w i n d o w 
E x a m p l e #4: 
- 2 < y < 2 
V 
D(0,y) P(x,y) 
F (6,0) 
FP 1 
R e p e a t th is p r o c e s s for e(x) = ppT = - j 
See if y o u can "find" t h e g r a p h ! 
1. D e t e r m i n e t h e d o m a i n for th i s 
r e l a t i o n . 
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Final ly , c o n s i d e r a v e r y different k i n d of eccent r ic i ty func t ion . 
E x a m p l e #5: 
D(0,y) ,P(x,y) 
F (6,0) 
W h a t w o u l d t he g r a p h b e if 
F P . . 
e(x) = ppT = | s in x | for x > 0? 
V ( x - 6 ) ' + ( y - 0 f 
s i n x 
o r 
y 2 = x s in 2 x - ( x - 6)2 
y = ± V x 2 s i n 2 x - (x - 6)2 
Q u e s t i o n s for i n v e s t i g a t i o n : 
1. T h e g r a p h of t he r e l a t ion for x > 0 is 
s h o w n at t he r igh t . For w h a t pos i t i ve 
d o m a i n is the r e l a t i o n d e f i n e d ? 
2. W h a t is t h e r a n g e ? 
3. W h a t s h a p e , if a n y , d o e s t he c u r v e 
s e e m to a p p r o x i m a t e ? 
4. Rep lace t he ra t io | s in x | b y s in x. 
H o w d o e s t ha t affect t he g r a p h ? 
< I 1 I 
A 
v 
If eccent r ic i t ies a r e a l l o w e d to b e func t ions of x t h e n t h e r e s u l t i n g r e l a t i o n s to 
b e g r a p h e d r e q u i r e the u s e of t e chno logy . T he r e is m u c h h e r e for s t u d e n t s to e x p l o r e 
a n d i n v e s t i g a t e . 
T h e i n t e r e s t ed r e a d e r m i g h t t ry to exp lo re w h a t h a p p e n s to the g r a p h as x 
c o n t i n u e s to inc rease . >& 
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SEEING N E W T O N ' S M E T H O D 
b y : R u t h D o v e r 
Illinois Mathematics and Science Academy 
N e w t o n ' s M e t h o d , o r m o r e a p p r o p r i a t e l y t h e N e w t o n - R a p h s o n M e t h o d , is 
a n a l g o r i t h m for a p p r o x i m a t i n g t h e r o o t s of func t ions . T h i s f o l l o w s a fa i r ly s i m p l e 
p r o c e d u r e . T h e first s t e p is s h o w n in t h e d i a g r a m b e l o w . 
t a n g e n t l ine: 
L(x) = f (x0) (x xo) + f(xn) 
G i v e n a n e q u a t i o n / ( x ) = 0 to b e 
s o l v e d , c h o o s e a n a p p r o x i m a t i o n to t h e 
r o o t to b e f o u n d , a n d call it xo. W r i t e 
t h e e q u a t i o n of t h e t a n g e n t l i ne to / a t 
x = xo- F i n d t h e x - i n t e r c e p t of t h e 
t a n g e n t l ine , a n d call th i s x i . 
R e p e a t t h e p r o c e s s b y w r i t i n g t h e e q u a t i o n of t h e t a n g e n t l i ne to / at x = x i . 
Labe l t h e n e w x - i n t e r c e p t X2. Ana ly t i ca l l y , th i s c a n b e g i v e n b y t h e g e n e r a l f o r m u l a 
f(x„) 
N o r m a l l y , th i s a l g o r i t h m wi l l g e n e r a t e a s e q u e n c e of 
a p p r o x i m a t i o n s xo, Xi, X2, ..., w h i c h b e c o m e c loser a n d c loser to t h e d e s i r e d roo t . 
Th i s p r o c e s s m a y b e c o n t i n u e d as n e c e s s a r y to o b t a i n t h e a c c u r a c y n e e d e d . 
T h a t ' s t h e b a s i c a p p r o a c h . T h e s e q u e n c e of a p p r o x i m a t i o n s c o n v e r g e s v e r y 
q u i c k l y m u c h of t h e t i m e , so t h e m e t h o d h a s b e e n t a u g h t in c a l c u l u s c o u r s e s for 
y e a r s a n d y e a r s . H o w e v e r , i ts p o p u l a r i t y w a s n e v e r v e r y h i g h w i t h o u t s o m e s o r t of 
c a l c u l a t i o n h a r d w a r e n e a r b y . E v e n scient if ic c a l c u l a t o r s h e l p e d l i t t le, s ince t h e 
p r o c e s s w a s r a t h e r c u m b e r s o m e w i t h a n y t h i n g b u t t h e s i m p l e s t of func t ions . 
Bes ides , t h e d e c i m a l s of ten b e c a m e m o r e t r o u b l e t h a n t h e y w e r e w o r t h . 
C o n s e q u e n t l y , c a l c u l u s s t u d e n t s d i d a few p r o b l e m s d u t i f u l l y w h i l e f o l l o w i n g t h e 
t e x t b o o k , a n d t h e n q u i c k l y fo rgo t t h e top ic . W i t h t h e a d v e n t of g r a p h i n g ca l cu la to r s , 
t h e r o o t c o u l d b e f o u n d for u s , l e a v i n g N e w t o n ' s M e t h o d a g a i n w i t h l i t t le a p p a r e n t 
r e l e v a n c e for m a n y . 
B u t w a i t ! W a t c h i n g t h e p r o c e s s t u r n s o u t to b e w h e r e m u c h of t h e i n t e r e s t i n g 
m a t h e m a t i c s c o m e s i n t o p l a y . 
T h e s o f t w a r e Mathematica u s e s N e w t o n ' s M e t h o d for i ts " F i n d R o o t " 
c o m m a n d . H e r e a g a i n , it a s s u m e s t h a t y o u r i n t e r e s t is in t h e r e s u l t r a t h e r t h a n t h e 
p r o c e s s . A n o t h e r p r o g r a m , The Joy of Mathematica, u s e d in c o n j u c t i o n w i t h 
Mathematica, h a s a s u b r o u t i n e to s h o w t h e p r o c e s s . 
r ^ l M S A 
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Let ' s b e g i n w i t h t h e e q u a t i o n 
x
3
 - 4x + 1 = 0, w i t h t h r e e rea l r o o t s as 
s h o w n . 
T o s h o w t h e b a s i c p r o c e s s , w e w i l l a p p r o x i m a t e t h e l a r g e s t r o o t . H e r e , a s a n 
ini t ia l (poor ) g u e s s , w e c h o o s e xo = 4. 
T h e l a rge d o t at x = 4 d e n o t e s t h e 
s t a r t i n g p o i n t . T h e d o t t e d l ines g o u p 
to t h e func t i on , a l o n g t h e t a n g e n t l i ne 
to t h e x - i n t e r cep t , u p to t h e func t i on , 
etc. After t h r e e i t e r a t i ons , w e c a n n o 
l o n g e r see t h e p a t h c lea r ly s ince t h e 
i t e r a t i o n s c o n v e r g e d so q u i c k l y to t h e 
roo t , a p p r o x i m a t e l y 1.861. ( N o t e t h a t 
t h e ve r t i ca l l ine is n o t t h e y-axis . ) 
2.5 3.5 4.5 
B e g i n n i n g w i t h a n y o t h e r xo w h i c h is g r e a t e r t h a n t h e l a r g e s t r o o t w i l l 
p r o d u c e a s i m i l a r g r a p h . A d i f fe ren t n u m b e r of i t e r a t i o n s m a y b e v i s i b l e - e i t h e r 
m o r e o r l e s s - b u t t h e p a t t e r n of c o n v e r g e n c e wi l l r e m a i n o r d e r l y . 
By c h o o s i n g o t h e r v a l u e s for xo w h i c h a r e c lose to e a c h of t h e o t h e r t w o roo t s , 
o n c e c a n eas i ly a p p r o x i m a t e t h e s e roo t s . B u t w h a t h a p p e n s w h e n t h e v a l u e s of XQ 
a re n o t as c lose to t h e roo t s ? In o t h e r w o r d s , w h a t h a p p e n s if t h e s e v a l u e s a r e n o t 
c h o s e n so ca re fu l ly? 
Firs t , let xo = 0.9. T h e s e q u e n c e 
c o n v e r g e s to 0.254, t h e m i d d l e of t h e 
t h r e e roo t s . 
3 
\ 2 
r 
- 0 . 5 ^ 
- 1 
-2 
N O . 5 1 
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N o w , c h o o s e xo = 1.0. T h e 
t a n g e n t l i nes s h o o t first to t h e left a n d 
t h e n b a c k to t h e r i g h t , be fo re s e t t l i ng 
d o w n to a n o r d e r l y p a t t e r n . F ina l ly , 
t h e M e t h o d s e e m s to c o n v e r g e to t h e 
l a r g e s t r o o t 1.861, j u s t a s in o u r 
o r i g i n a l e x a m p l e w i t h XQ = 4. 
I n c r e a s e t h e in i t i a l v a l u e a g a i n 
b y 1 / 1 0 , so x 0 = 1.1. P a r t s of t h e d o t t e d 
l i n e s r e p r e s e n t i n g t h e t a n g e n t l i ne s 
a n d ve r t i ca l s e g m e n t s to t h e g r a p h a r e 
n o t s h o w n . Still, w e c a n see t h a t t h e 
first t a n g e n t l i ne s e n d s t h e n e x t 
i n t e r c e p t far t o t h e left. In t h e e n d , t h e 
s m a l l e s t r o o t is a p p r o x i m a t e d as -2.115. 
S m a l l c h a n g e s to t h e in i t ia l c h o i c e of xo l ed to t h e t h r e e d i f fe ren t r o o t s of t h e 
e q u a t i o n . T h e o b v i o u s q u e s t i o n is to a s k w h a t h a p p e n s b e t w e e n t h e s e v a l u e s . 
W h a t h a p p e n s if xo = 1.03, for e x a m p l e ? O r a t 0.962? If y o u h a v e access to t h e s e 
s o f t w a r e p a c k a g e s , y o u a r e ce r t a in ly e n c o u r a g e d to t r y t h e s e v a l u e s . B o t h t h e i s s u e 
of w h a t r o o t is f inal ly a p p r o x i m a t e d a s w e l l a s t h e p r o c e s s o r p a t h r e q u i r e d to r e a c h 
t h e speci f ic r o o t r a i s e i n t e r e s t i n g q u e s t i o n s - a n d of ten u n p r e d i c t a b l e a n s w e r s . A r e 
t h e r e o t h e r s e c t i o n s of t h e r ea l l ine w h i c h c r e a t e s i m i l a r l y u n p r e d i c t a b l e r e s u l t s ? 
A r e t h e r e i n t e r v a l s w h e r e all in i t ia l i n p u t s l e ad to a s i n g l e r o o t ? M a n y s u c h 
q u e s t i o n s c a n b e r a i s e d a n d l e a d to i n t e r e s t i n g i n v e s t i g a t i o n s . 
T h o u g h t h e v i s u a l i z a t i o n c a n a d d m u c h to o n e ' s u n d e r s t a n d i n g , t h e 
s e q u e n c e of v a l u e s m a y eas i ly b e o b t a i n e d w i t h g r a p h i n g ca l cu l a to r s . T o t r y th i s , 
e n t e r t h e f o l l o w i n g s h o r t p r o g r a m : N e w t o n . 
TI-81 
: X - Yi /NDer iv(Yi , .001) -* X 
: Disp X 
TI-82 
: X-Yi /nDer iv (Yi ,X,X) 
: Disp X 
TI-85 
X : x - y i /nDer iv (y i ,x ,x ) 
: Disp X 
T o u s e t h e p r o g r a m o n t h e e q u a t i o n f(x) = 0, first e n t e r t h e f u n c t i o n / i n to Yi . 
O n t h e h o m e sc r een , t y p e in y o u r cho ice for xo a n d p r e s s S T O X a n d t h e n E n t e r . 
T h e n r u n t h e p r o g r a m . P r e s s E n t e r r e p e a t e d l y to r e r u n t h e p r o g r a m a n d f ind 
s u b s e q u e n t i t e r a t i o n s a s d e s i r e d . T h e first f ew o u t p u t s m a y v a r y q u i t e e r ra t i ca l ly , b u t 
if t h e i t e r a t i o n is t o c o n v e r g e , it w i l l u s u a l l y d o so r a t h e r q u i c k l y . W a t c h t h e 
a c c u r a c y b y p a y i n g a t t e n t i o n to t h e s t a b i l i z a t i o n of d e c i m a l p l aces . 
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A s a n o t h e r e x a m p l e , c o n s i d e r x 4 + 2x + 3 = 0. G r a p h th i s f u n c t i o n to ver i fy 
t h a t it h a s n o rea l roo t s . C lea r ly , w e w o u l d h o p e t h a t N e w t o n ' s M e t h o d d o e s n o t 
f ind r o o t s w h i c h d o n ' t exist! Let xo = 1 o n y o u r g r a p h i n g ca l cu l a to r to see w h a t d o e s 
h a p p e n . 
T h e s o f t w a r e s h o w s u s m u c h h e r e . 
Firs t , w e s h o w 10 i t e ra t ions . B e l o w is t h e r e s u l t of 80 i t e r a t i ons . 
Th i s is a n e x a m p l e of chao t i c b e h a v i o r . E a c h o u t p u t d e p e n d s o n t h e p r e v i o u s 
i n p u t , b u t t h e r e wi l l b e n o c o n v e r g e n c e to a n y s ing l e v a l u e , a n d n o d i s c e r n i b l e 
p a t t e r n s . 
For t h e t h i r d e x a m p l e , c o n s i d e r f(x) = T a n _ 1 x w i t h t e n i t e r a t i ons . 
Let x 0 = 1.25. L e t x 0 = 1.6. Let x 0 = 1.39. 
W e s e e m to ge t a " p a r a l l e l o g r a m " f o r m i n g , b u t t h e i t e r a t i o n e v e n t u a l l y c loses 
in o n 0 as h o p e d . B u t t r y xo = 1.392. O r xo = 1.396. W h a t h a p p e n s ? 
T h o u g h t h e s e p a r t i c u l a r f u n c t i o n s w e r e c h o s e n w i t h c e r t a i n b a s i c 
cha rac t e r i s t i c s , t h e r e is n o t h i n g spec ia l a b o u t t h e coeff ic ients o r t h e f u n c t i o n s 
t h e m s e l v e s . T h e r e a d e r is e n c o u r a g e d to c r ea t e f u n c t i o n s a n d to f ind in i t ia l i n p u t s 
w h i c h g e n e r a t e i n t e r e s t i n g p a t t e r s - o r n o p a t t e r n s a t all! t& 
T h e g r a p h i c s d e p i c t e d in th i s ar t ic le w e r e c r e a t e d u s i n g s o f t w a r e p u b l i s h e d b y t h e 
f o l l o w i n g : 
• Mathematica , W o l f r a m R e s e a r c h , Inc. , P .O . Box 6059, C h a m p a i g n , IL 
61826-6059, (217) 398-0700. 
• Joy of Mathematica , A d d i s o n - W e s l e y P u b l i s h i n g C o m p a n y , 1 J a c o b s W a y , 
R e a d i n g , M A 01867, (800) 552-2259. 
r ^ l M S A 
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G R O U P T E S T I N G : A N O P T I M I Z A T I O N PROBLEM FOR C A L C U L U S 
by : D a n T e a g u e 
The North Carolina School of Science and Mathematics 
Introduction 
F o r t h e p a s t s e v e r a l y e a r s , I h a v e p o s e d t h e f o l l o w i n g p r o b l e m t o m y 
e l e m e n t a r y c a l c u l u s a n d m a t h e m a t i c a l m o d e l i n g c lasses : 
S u p p o s e t h a t y o u h a v e a l a r g e p o p u l a t i o n (N) t h a t 
y o u w i s h to t e s t for a c e r t a i n c h a r a c t e r i s t i c in t h e i r u r i n e . 
E a c h t e s t w i l l b e e i t h e r p o s i t i v e o r n e g a t i v e . S i n c e t h e 
n u m b e r of i n d i v i d u a l s to b e t e s t e d is q u i t e l a r g e , w e c a n 
e x p e c t t h a t t h e cos t of t e s t i n g wi l l a l so b e l a r ge . H o w c a n 
o n e r e d u c e t h e n u m b e r of t e s t n e e d e d to s c r e e n e v e r y o n e 
a n d t h e r e b y r e d u c e t h e cos ts? If t h e u r i n e c o u l d b e p o o l e d 
b y p u t t i n g G s a m p l e s t o g e t h e r a n d t h e n t e s t i n g t h e p o o l e d 
s a m p l e , t h e n u m b e r of t e s t s r e q u i r e d m i g h t b e r e d u c e d . 
W h a t is t h e r e l a t i o n s h i p b e t w e e n t h e p r o b a b i l i t y of a n 
i n d i v i d u a l t e s t i n g p o s i t i v e (p) a n d t h e g r o u p s i ze (G) t h a t 
m i n i m i z e s t h e t o t a l n u m b e r of t e s t s r e q u e s t e d ? 
U s e y o u r s o l u t i o n to d e t e r m i n e t h e n u m b e r of t e s t s 
r e q u i r e d to f ind 100 i n d i v i d u a l s w h o wi l l tes t p o s i t i v e in a 
p o p u l a t i o n of 1,000,000. 
T h e s t u d e n t s s p e n d a p p r o x i m a t e l y a w e e k w o r k i n g in s m a l l g r o u p s o n t h e p r o b l e m . 
M y ro l e is t o offer e n c o u r a g e m e n t a n d s u g g e s t i o n s a s t h e y d e v e l o p t h e i r s o l u t i o n s . 
O v e r t h e y e a r , t h e s t u d e n t s h a v e u s e d m a n y d i f f e r en t a p p r o a c h e s in s o l v i n g th i s 
p r o b l e m a n d d e v e l o p e d s e v e r a l d i f f e r e n t m o d e l s i n t h e p r o c e s s . T h i s a r t i c l e 
p r e s e n t s o n e of t h e m o r e i n t e r e s t i n g s o l u t i o n p a t h s . A l t h o u g h s o l u t i o n s n e e d to b e 
i n t e g r a l , i t u s e s a c o n t i n u o u s m o d e l a n d d e v e l o p s a t h e o r e t i a l o p t i m u m b y 
a s s u m i n g a s i m p l i f y i n g , w o r s t case s i t u a t i o n ; spec i f ica l ly , if a g r o u p t e s t s p o s i t i v e , 
exac t l y o n e p e r s o n in t h e g r o u p is pos i t i ve . 
The Full Lab Solution 
T h e f o l l o w i n g a r e t h e v a r i a b l e s t h a t w i l l b e u s e d in t h e s o l u t i o n : 
N To ta l n u m b e r of p e r s o n s 
M M a x i m u m n u m b e r of p e r s o n s t h a t c a n b e t e s t e d at o n e t i m e 
P P r o b a b i l i t y of p e r s o n b e i n g p o s i t i v e 
Gk Size of k t h g r o u p 
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T h e s o l u t i o n b e g i n s w i t h t he a r g u m e n t , 
T h e l a b w i l l l i k e l y h a v e o n l y a l i m i t e d a m o u n t of 
e q u i p m e n t to u s e in t h e t e s t i n g . S u p p o s e t h e m a x i m u m 
n u m b e r t h a t c a n b e t e s t e d at a n y o n e t i m e is M . W h a t 
w o u l d h a p p e n if, at e a c h s t a g e of t h e t e s t i ng , w e u s e all t h e 
a v a i l a b l e e q u i p m e n t , t h a t is, t e s t M g r o u p s e a c h t i m e . 
Reca l l t h a t w e a s s u m e t h e w o r s t case , t h a t is, in a n y g r o u p t h a t t e s t s p o s i t i v e , 
exac t l y o n e p e r s o n in t h e g r o u p is p o s i t i v e . T h i s m e a n s t h a t s i n c e w e e x p e c t N » p 
i n d i v i d u a l s t o t e s t p o s i t i v e , w e wi l l h a v e N » p g r o u p s t e s t i n g p o s i t i v e a s w e l l . 
If t h e r e a r e N p e r s o n s to b e t e s t e d , t h e n t h e first r o u n d of t e s t s w o u l d h a v e a 
N 
g r o u p s i ze Gi = — . S i n c e w e e x p e c t N » p i n d i v i d u a l s t o t e s t p o s i t i v e , u n d e r t h e 
w o r s t c a se a s s u m p t i o n , w e w o u l d h a v e N » p g r o u p s t e s t i n g p o s i t i v e a n d t h e r e f o r e 
N » p * G i p e r s o n s to b e r e t e s t e d . T h e s e c o n d t e s t i n g w o u l d b e in g r o u p s of s i ze 
G2 = — - — = — Y > r e s u l t i n g in N « p » G 2 p e r s o n s n e e d i n g r e t e s t i n g . C o n t i n u i n g , w e 
M Mz 
f ind t h a t t h e g r o u p s i ze for t h e k t h g r o u p is G k 
N K p k„k-l 
M" 
W e w i l l h a v e f i n i s h e d t h e 
t e s t i n g w h e n t h e g r o u p s i ze is o n e , so t h e n u m b e r of i t e r a t i o n s of t h e p r o c e d u r e is 
N k p k _ 1 d e t e r m i n e d b y t h e v a l u e of k w h e n G v = 1. S o l v i n g — - — = 1 for k, w e f ind t h a t y k 5
 M 
k = 
In 
ln (p ) 
N p 
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In t h i s s c e n a r i o , w e h a v e k i t e r a t i o n s of M tes t s , so t h e to ta l n u m b e r of t e s t s is g i v e n 
b y T ( M ) = M - k = M ln (p ) 
N p 
M 
In 
W e h a v e a s s u m e d t h a t w e s h o u l d u s e al l of t h e 
t e s t i n g faci l i t ies a v a i l a b l e , b u t t h i s a s s u m p t i o n is c o n t r a d i c t e d b y t h e m o d e l . T h e 
f u n c t i o n T ( M ) d e f i n e d a b o v e h a s a m i n i m u m v a l u e , i n d i c a t i n g a n o p t i m a l v a l u e 
for M . W h a t v a l u e of M m i n i m i z e s t h e to t a l n u m b e r of t e s t s? To m i n i m i z e T, w e 
d i f fe ren t ia te w i t h r e s p e c t to M to f ind 
d T 
d M 
In 
^ N p ^ 
l n ( p ) - M l n ( p ) 
f
 M Y N p ^ 
v N P y M
2 
In / N p 
I M 
r ^ l M S A 
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T h e d e r i v a t i v e is d e f i n e d for all M > 0 , a n d s e t t i n g t h e d e r i v a t i v e e q u a l t o z e r o a n d 
s i m p l i f y i n g y i e l d s t h e e q u a t i o n 
In 
^ N p ^ 
V M y 
+ 1 = 0 
S o l v i n g for M w e f ind t h a t 
M = N p e . 
If p o s s i b l e , t o m i n i m i z e t h e n u m b e r of t e s t s , p e r f o r m M = N p e t e s t s o n e a c h 
i t e r a t i o n w i t h a g r o u p s i ze o n t h e k t h i t e r a t i o n of 
_ N y - 1 _ N k P k„k-l 1 
k
 M k ( N p e ) k p e k ' 
T h e to t a l n u m b e r of t e s t s r e q u i r e d u s i n g th i s p r o c e d u r e is g i v e n b y 
T = ( N p e ) ln (p ) 
' N p ^ 
In 
N p e 
= ( N p e ) ( - l n ( p ) ) to ta l tes ts . 
In o u r p r o b l e m , w i t h 1,000,000 p e o p l e a n d 100 t e s t i n g p o s i t i v e , w e w o u l d n e e d o n l y 
( N p e ) ( - l n ( p ) = (1,000,000)(. 000 l ) ( e ) ( - l n ( . 0001)) - 2 ,500 tests! 
S t u d e n t s a r e a l w a y s s u r p r i s e d to s e e e s h o w u p in t h e s o l u t i o n . Of c o u r s e , 
w h i l e t h i s t h e o r e t i c a l r e s u l t is p l e a s i n g , it m a y n o t b e r ea l i zab le , for G k = —•-^ m a y b e 
p e 
t o o m a n y s p e c i m e n to h a n d l e in a s i n g l e g r o u p . &a 
T h e H i s t o r y of " N o a h Shee t s " 
T h e f o l l o w i n g four p a g e s i n c l u d e a co l l ec t ion of i n t e r e s t i n g a n d u se fu l 
m a t h e m a t i c a l f o r m u l a s a n d r e l a t i o n s h i p s t h a t w e r e o r i g i n a l l y g a t h e r e d t o g e t h e r b y 
I M S A a l u m n u s , N o a h R o s e n b e r g , w h e n h e w a s a s t u d e n t a t t h e A c a d e m y . H e w a s 
a n e n t h u s i a i s t i c p a r t i c i p a n t in m a t h c o m p e t i t i o n s a n d c o m p l i e d t h e m for u s e b y o u r 
m a t h t e a m . H i s h a n d w r i t t e n n o t e s h a v e b e e n e d i t e d a n d e n h a n c e d b y M r . G e o r g e 
M i l a u s k a s ( I M S A m a t h e m a t i c s facul ty) . T h e r e s u l t i n g m a t e r i a l s a r e a f fec t iona te ly 
k n o w n as t h e " N o a h Shee t s" . O u r h o p e s a r e t h a t y o u w i l l f ind s o m e w o r t h w h i l e 
i d e a s for u s e in m a t h c lasses , m a t h l e t e t r a i n i n g a n d p r o b l e m s o l v i n g , fo 
r ^ l M S A 
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Triang les 
Two Pole Problem Stewart's Theorem Ceva's Theorem 
C 
Basic Theorems 
a-b 
X
' ~ a + b 
a-b 
k a+kb 
2 2 2 
a n+b m = t c+m-n-c 
(Proven by using 
Law of Cosines twice) 
1, PX FY PZ AX BY CZ ZB XC YA 
<=> AX, BY, & CZ are concurrent 
A B 
AC:AB = CD:DB (^bis thm) 
MN 1 
Circumcenter [1 - Bisectors] 
c^ 
Incenter [Z - Bisectors] Orthocenter [Altitudes] 
&2 AB [Midline Thm] 
Centroid [Medians] 
.C 
sin A sin B sin C 
The Euler Line 
2R 
A F B 
Area (AABC) = | r P 
=
 T-S (s=semi-perimeter) 
A "F ~a A' n r _ _ " B 
Watch for similar triangles. All six areas are equal, 
eg: AADB - ACFB M splits each median in ratio 2:1. 
Coordinates of M = avg of vertices. 
Fermat Point (Equiangular 
Pt) 
c... • 
Nagel Point 
c d 
O, M, & C are collinear, 
such that OM : MC = 2:1 
2 2 2 2 
and 9-(OC) = a + b + c 
Golden Triangle 
.N 
Gergonne Point 
c 
The sum AF + BF + CF 
is a minimum. (Found by, 
putting equilatersl A's on sides) 
Equilateral Triangles 
C Q 
B [Joins Semi-Perimeter Pts [Tangency Pts to Vertices] 
to Vertices] Notice segments & 
Notice resulting ~ segments "walkaround" labelling. 
The 13-14-15 Triangle The 4-5-6 Triangle 
5 
In a regular pentagon, 
1+V5 PN:PA = PG:GA= 1 ™ 1 
RIGHT TRIANGLES 
A* 
Sum of dist from any P to sides = h. 
Any Q on Circum-0: QB = QC + QA 
ACGB, has sides in a ratio, 1 : \ 3 : 2 
[An altitude and three sides 
are consecutive integers.] 
65 
1 
a 
x 
b 
x 
h 
y-c 
b = xc 
(a + b)~ = c + 4(Area) 
h = xy 
a-b = c-h 
Pythagorean Thm u
2 2 
+ b = c 
Area 
1 _ 1 
IT " 7 
= 84, r = 4, R 
1 
2-r = a + b - c 
2R = c 
median = 
2 2 
(m - n , is Pythag 
m,n pos 
a+b 
— = R + r 
j hypotenuse 
2 2 
2mn, m + n ) orean triple for 
itive integers 
One angle is twice the other. 
Area = 6 \ 6 
r ^ l M S A 
54 A T r i a n g l e A n d I t s C i r c l e s : 
P R O P E R T I E S 
A ABC has sides: c, b, and a, 
and angles A, B, and C. 
The radii of the: 
Inscribed circle, r . 
The three escribed circles: r a , rb, & r c 
and the circumscribed circle, R. 
The area of the triangle is K. 
The semiperimeter is S. 
Drawn to sides a, b, and c, respectively: 
Let ma , mb, & mc be the medians. 
Let ta, tb, & tc be the angle bisectors. 
Let ha, hb, & hc be the altitudes. 
The following relationships are true for triangles as labeled above: 
K = VS (S-a) (S-b) (S-c) Heron's Formula 
K 
R = 
2 
a-b-c 
4-K 
a b s i n C a sin B • sin C 
2-R-r 
2 sin A 
a-b-c 
a+b+c 
= r-S a-b-c 
4-R 
2-r < R in all A's 
c 
2 2-a-b-cos = 2V a -b -S - (S -c ) 
a + b 
1 1 1 
h + h + h 
a b c 
a + b 
9 (s-a)(s-b)(s-c) 
2 2 2 2 
C = 2 a + 2 b — 4 m and its permutations 
Law of Cosines: 2 2 2 
c = a + b - 2-a-b cos C (& permutations) 
Law of Sines: 
a b 2R 
sin A sin B sin C 
a - b tan I ( A - B ) 
Law of Tangents: 
a + b tan I (A + B) 
Other 
Point-Line(plane) Distance 
between (x ,y ) and line 
ax + by + c = 0: 
a-xn + b-yn + c I 
dist is: 
•f az + b' 
between (x ,y ,z ) and line 
ax + by + c-z + d = 0: 
I a - x + b - y +c-z + d 
also dist 
V a2 + b2 + c2 
a-b-c 
a-b+b-c+a-c 
Logarithms 
logbN = p <=> bp = N 
logN 
log N = p - V b log b 
mn 
"change base" 
log = log m + log n - log q 
log N p = p log N 
log, a = ; r 
feb log b 
Series: S = a ,+ a + a + . . . + a + . . 
1 2 3 n 
•Arithmetic: Constant Difference d = a - a 
a = a , + ( n - l ) - d & S = ^ ( a , + a ) 
n 1 n 2 1 n 
•Geometric: Constant ratio r =-n±i 
a 
V , s = 
n 
n-i
 a 
a - a r
 0_ 0 & S = -r
1
-oo i_r 
(-1 < r < l ) 
If you find any errors, or have any worthy additions to "The Noah Sheets" please contact 
George Milauskas, Mathematics Coordinator at the Illinois Mathematics and Science Academy, 
1500 Sullivan Rd, Aurora, Illinois, 60506 (708)907-5965: E-mail: geom@imsa.edu 
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Quadrilateral Properties: K = Area, r = inradius, R = circumradius, P = perimeter, S = semiperimeter 55 
m joins 
midpoints 
/\rC3.S. / \ . * »^-TTT — TT ' TV 
K P Q R S = ! d l d 2 S i n a 
2 2 2 2 , 2 j 2 ,-
p + q + r + s = d 1 + d2 + (2m) 
IF A,B,C,D are midpoints, ABCD is a parallelogram. 
Tr PA OB RC SD ., ., 
I f
 AQ = 5p: = c 7 = i 5 p = n t h e n t h e r a t 1 0 
2 , 
of areas, K(ABCD): K(PQRS) = J L 7 3 2 (n+1) 
In a Parallelogram 
b 
Cyclic Quadrilaterals 
B 
A' 
i 
C 
D 
2 2 2 2 
2(a + b ) = dj + d2 
2 2 
BD = a + b - 2ab cos A 
K = a-b-sinZA . ZA + ZQ = ZU + ZD = 180° 
Circumscribed 
Quadrilaterals 
b 
If Diagonals are perpendicular, 
K = ^ ( d i a g i ) ( d i a g 2 ) 
a 2 + c 2 = b 2+ d 2 
<=> (if and only if) 
the diagonals are ±.. 
The Rectangle 
B 
ab 
d ad + be 
+ cd J* d -d = a-C + b-d (Ptolemy) 
, l 1 2 
(2nd Ptolemy's Theorem) K = V(S-a)(S-b)(S-c)(S-d) 
a+c = b+d <=> QUAD has 
i n © 
r = and K = ^ r P 
a+c 2 
If QUAD is both inscribed, and 
circumscr., then K = V a-b-c-d 
For any point, P, 
& rectangle ABCD 
(PA)2 + (PC)2 = 
(PB)2 + (PD)2 
Trapezoid: 
R a A 
Circles 
If MN = median, MN= 
b-a 
v w = FG = 
a+b 
" 2 
2-a-b 
a+b 
If MN is any parallel, 
RM-b + MT-a 
MN = 
Angle-Arc Property 
Power Theorem 
w-x = y-z 
Angle-Arc Property 
P = b ~ a 
Power Theorem 
2 
t = s-e 
A tangent to a circle is 
perpendicular to a radius. 
Two tangents to a circle from 
an outside point are equal. 
tan-tan angle = supp of inner 
arc. P + a = 180° 
Volume and Surface Areas of Solids: 
Prismatic solids: (prism, box, cylinder) Pointed Solids: (pyramid, cone) 
[Congruent cross sections] [Linearly related cross sections] 
Lateral Area = (base perimeter)(height)
 L a t e ral Area (add ia, faces,, LA(conc)= n-r-l 
J = lateral edge (slant height) 
Total Area = lateral area + 2 bases
 T o t a l A r e a = l a t e r a l a r e a + o n e b a s e 
Spheres: 
2 
Total Surface Area = 4-7i-r 
Volume = r 7t r 
Volume = (Area of Base)(height) Volume = ~ (Area of Base)(height) Ellipsoid: Volume =ra-b-c-n 
Prismoidal Volume Formula: V = - (B + 4M + B ) 
[For solids with quadratically related cross sections, height h, upper bases B , B and mid section M] 
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56 T r i g o n o m e t r y : 
sin A = ° p p l e g hypotenuse 
c o s A = - M J e g _ 
hypotenuse 
tan A QPP leg 
adj leg 
sin A 
cos A 
A _ hypotenuse _ 1 CSC J\ — . — . . 
opp leg sin A 
. _ hypotenuse _ 1 
sec / \ — ,. — 
adj leg cos A 
c o t A = ^ f ^ = - L -
opp leg tan A 
Values to Memorize: 
sin 30° = ^ = cos 60° 
COS 30° 
tan 30° 
sin 45° 
tan 45 ° 
sin 15° 
2 
_ V3 
3 
= sin 60° 
= cot 60° 
<2 
= COS 45° = - ^ 
= 1 
4~6-
- cos 
Pythagorean Identities 
sin A + cos A = 1 
1 2. 2 . 
1 + tan A = sec A 
2 2 
1 + cot A = esc A tan (A ± B) 
Sum & Difference Identities 
sin (A ± B) = sin A-cos B - cos A-sin B 
cos (A ± B) = cos A-cos B + sin A-sin B 
tan A - t an B 
Odd-Even Functions: 
sin ( -A) = - sin (A) 
cos ( -A) = cos (A) 
tan ( -A) = - tan (A) 
Complements A & B 
IT 2 
sin A + sin B = 1 
sin A = cos B, etc 
1 + tan A- tan B 
Double Angle Identities 
sin 2A = 2 sin A • cos A 2 2 
cos 2A = cos A - sin A 
or = 
t an2A = 
1 - 2 sin A 
2 tan A 
1 - tan 2 A 
2cos A - 1 
Sum to Product 
. . „ - A + B A - B 
sin A + sin B = 2 sin—-— cos 
•
 0 0 A - B 
sin A - sin B = 2 sin—z— cos 
. n o A + B 
cos A + cos B = 2 cos—z— cos 
2 
A + B 
2 
A - B 
Triple Angle Identities 
3 
sin 3A = 3 sin A - 4 sin A 
3 
cos3A = 4 cos A - 3 cos A 
tan 3A = t a n *-(tan2A-3) 3 tan A - 1 
.
 D ^ A + B . A - B 
cos A - cos B = - 2 sin—-— sin—r— 
tan A ± tan B 
sin(A ± B) 
cos A-cos B 
1co V6 + V2 • - , 0 cos 15 = = sin 75 4 
tan 15°= 2-Vi, tan 75°= 2+^3 
Golden rectangle & regular pentagon. 
VJ - 1 
sin 18U = COS 72" = 
cos 36° = sin 54° = 
4 
[? + 
Product to Sum 
sin A -sin B = \ [cos(A-B) - cos(A+B)] 
cos A -cos B = ^ [cos(A-B) + cos(A+B)] 
sin A cos B - \ [sin(A-B) + sin(A+B)] 
„ cos(A-B)-cos(A+B) 
tan A • tan B =
 c o s ( A - B ) + cos"(A+B) 
sin 
Half Angle Formulas 
1 - cos A 
cos f - V 1 1 
cos A 
A sin A tan — = -2 1+cos A 
1-cos A 
sin A 
Polar Coordinates 
Points are represented interms of (r,8) rather than (x,y) 
fee) 
2 2 2 
x +y = r 
t a n G -^L 
Complex Numbers. DeMoivre's Thm, Euler's Thm & C7 S 
Some common graphs: 
la 
r = a: 
x = r cos 0 
y = r s in 6 
r = a sin (0+70° 
r = a c4s (6-20° 
£ 
ft 
rr. fr 
m 
'r 
*y z= 
« 
a 
real a 
a+bi 
1 
b 
xis 
X 
2cis(135° a+b i ..••* 
,,--"8cis(45°) 
2cis(15°) 
2cis(255°) 
EcjtKd distribution of 
roots of complex number 
Z = a + b i = r cis 6 (polar form of complex number) 
The magnitude, r = I a + bi I =Va + b 
: cos 6 + i sin 0 = cis 9 (Euler) 
cis(A + B) = cis A-cis B cis(A - B) •• cis A 
cis B 
DeMoivre's Theorems: (see illustration above) 
(a+bi) = ( r cis 6 ) = r cis (n-6 ) for n = pos int 
V r-cis ( r • cis ( ^ ) f o r k = 0,lA3...Ai-l &> 
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